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Model for interaction between Long and Short waves

Short wave term S(x , t) : R × R → C (Schrödinger-like equation)
Long wave term L(x , t) : R × R → R (Transport-like equation)
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Short wave term S(x , t) : R × R → C (Schrödinger-like equation)
Long wave term L(x , t) : R × R → R (Transport-like equation)

iSt + icsSx + Sxx = αSL + γ|S |2S
Lt + cLLx + λ(L2)x = β|S |2x
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Internal gravity wave packet (β < 0, cS = cL = γ = λ = 0)
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iSt + icsSx + Sxx = αSL + γ|S |2S
Lt + cLLx + λ(L2)x = β|S |2x

Benney’s equation is a rather universal model to describe LW-SW
interactions:

Internal gravity wave packet (β < 0, cS = cL = γ = λ = 0)

Sonic-Langmuir/Alfvén wave (cL = −1, cS = λ = ν = γ = 0)

General Theory of water waves interaction
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In the presence of an external magnetic field, transverse
oscillations of the magnetic field lines known as Alfvén waves
can be observed in several magnetised plasmas.
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Alfvén Waves

In the presence of an external magnetic field, transverse
oscillations of the magnetic field lines known as Alfvén waves
can be observed in several magnetised plasmas.

The Dynamics of Alfvén waves are ruled by the so-called
MHD equations.

The MHD equations read:





∂tρM + ∇.(ρMu) = 0

ρM(∂tu + u.∇u) = −β
γ
∇(ργ

M) + (∇× b) × b

∂tb = ∇× (u × b) − 1
Ri
∇× ( 1

ρM
(∇× b) × b)

∇.b = 0,
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Alfvén Waves

In the presence of an external magnetic field, transverse
oscillations of the magnetic field lines known as Alfvén waves
can be observed in several magnetised plasmas.

The Dynamics of Alfvén waves are ruled by the so-called
MHD equations.

The MHD equations read:





∂tρM + ∇.(ρMu) = 0

ρM(∂tu + u.∇u) = −β
γ
∇(ργ

M) + (∇× b) × b

∂tb = ∇× (u × b) − 1
Ri
∇× ( 1

ρM
(∇× b) × b)

∇.b = 0,

where b is the magnetic field, ρ the density of mass and u the
fluid speed.
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We present here a uni-dimensional asymptotic model for the
evolution of wave trains of Alfvén waves with wave number k and
frequency ω̃, in a frame travelling at the Alfvén-wave group
velocity v = 2ω̃3k−1(k2 + ω̃2)−1.

(Champeaux & al, Nonlinear Processes in Geophysics, 1999)
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i∂TB + ω∂XXB − k(u − v
2ρ+ q|B |2)B = 0 (a)

ǫ∂Tρ+ ∂X (u − vρ) = −k∂X |B |2 (b)

ǫ∂Tu + ∂X (βρ− vu) = k
2 v∂X |B |2 (c),
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i∂TB + ω∂XXB − k(u − v
2ρ+ q|B |2)B = 0 (a)

ǫ∂Tρ+ ∂X (u − vρ) = −k∂X |B |2 (b)

ǫ∂Tu + ∂X (βρ− vu) = k
2 v∂X |B |2 (c),

(X ,T ) has been scaled: X = ǫ(x − vt) and T = ǫ2t.
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i∂TB + ω∂XXB − k(u − v
2ρ+ q|B |2)B = 0 (a)

ǫ∂Tρ+ ∂X (u − vρ) = −k∂X |B |2 (b)

ǫ∂Tu + ∂X (βρ− vu) = k
2 v∂X |B |2 (c),

(X ,T ) has been scaled: X = ǫ(x − vt) and T = ǫ2t.

B is the transverse magnetic field, u is the ion speed in the (Ox)
direction and ρ the density of mass.

We obtain here the Zakharov-Rubenchik equation, introduced as
an (another) universal model for the interaction of long and short
waves (1972).
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First, a change of variables:





iBt + Bxx + ψ1B + ψ2B + |B |2B = 0
ψ1t − ψ1x = |B |2x
ψ2tt − ψ2xx = |B |2xx

(1)
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For ψ1 ≡ ψ2 ≡ 0, the system becomes the Nonlinear Schrodinger
Equation.
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First, a change of variables:





iBt + Bxx + ψ1B + ψ2B + |B |2B = 0
ψ1t − ψ1x = |B |2x
ψ2tt − ψ2xx = |B |2xx

(1)

For ψ1 ≡ ψ2 ≡ 0, the system becomes the Nonlinear Schrodinger
Equation.

For ψ1 ≡ 0, we get the Zakharov Equation.

For ψ2 ≡ 0, the system reduces to the Benney Equation.

The difficulty here is the derivative loss in the nonlinear terms.
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Using Strichartz-type estimates for the free Schrödinger group, we
can now obtain the existence of local (strong) solutions via a
fixed-point in the Banach space

‖(F , ψ1, ψ2)‖X (T ) = ‖F‖L∞(0,T ,L2) + ‖F‖L6(0,T ,L6)

+ ‖ψ1‖L∞(0,T ,H1) + ‖ψ2‖L∞(0,T ,H1)

+ ‖ψ1t‖L∞(0,T ,L2) + ‖ψ2t‖L∞(0,T ,L2).

To obtain global solutions, we need to compute some invariants:
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The following quantities are conserved by the Zakharov-Rubenchik
flow:

I1(t) =

∫

R

|B |2

I2(t) =
ω

2

∫

R

|Bx |2 +
kq

4

∫

R

|B |4 +
k

2

∫

R

(u − v

2
ρ)|B |2

+
β

4

∫

R

|ρ|2 +
1

4

∫

R

|u|2 − v

2

∫

R

uρ,

I3(t) = ǫ

∫

R

uρ+
i

2

∫

R

(BBx − BxB).
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flow:
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∫
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ω

2

∫
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|Bx |2 +
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∫

R

|B |4 +
k

2

∫

R

(u − v

2
ρ)|B |2

+
β

4

∫

R

|ρ|2 +
1

4

∫

R

|u|2 − v

2

∫

R

uρ,

I3(t) = ǫ

∫

R

uρ+
i

2

∫

R

(BBx − BxB).

Using these quantities, One can show the a priori estimation

∀t ≤ T , ‖(F , ψ1, ψ2)‖X (T ) ≤ D(T ),

where D is a continuous function. This is enough to prove that the
solutions are global (absence of blow-up)
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Well posedness





i∂TB + ω∂XXB − k(u − v
2ρ+ q|B |2)B = 0 (a)

ǫ∂Tρ+ ∂X (u − vρ) = −k∂X |B |2 (b)

ǫ∂Tu + ∂X (βρ− vu) = k
2 v∂X |B |2 (c).

Theorem

The Zakharov-Rubenchik system is globally well-posed in
H2(R) × H1(R) × H1(R).

(FO, Physica D, 2003)



Introduction - Benney’s Model Zakharov-Rubenchik system - Well posedness (2002-03) Adiabatic Limit (2006) A quasi-linear version

The adiabatic limit

In the adiabatic limit (ǫ→ 0):

i∂TB + ω∂XX B − k(u − v
2ρ+ q|B |2)B = 0 (a)

ǫ∂Tρ+ ∂X (u − vρ) = −k∂X |B |2 (b)
ǫ∂T u+∂X (βρ− vu) = k

2 v∂X |B |2 (c).

u and ρ become slaved to the magnetic field amplitude:
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The adiabatic limit
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2 v |B |2 (c).

u and ρ become slaved to the magnetic field amplitude:
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k

2
v |B |2.

Replacing in (a), B satisfies the NLS equation

i∂TB + ωBXX +
kv

4(β − v2)
|B |2B = 0.
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In the adiabatic limit (ǫ→ 0):

i∂TB + ω∂XX B − k(u − v
2ρ+ q|B |2)B = 0 (a)

ǫ∂Tρ+ ∂X (u − vρ) = −k∂X |B |2 (b)
ǫ∂T u+∂X (βρ− vu) = k

2 v∂X |B |2 (c).

u and ρ become slaved to the magnetic field amplitude:

u − vρ = −k|B |2 and βρ− vu =
k

2
v |B |2.

Replacing in (a), B satisfies the NLS equation

i∂TB + ωBXX +
kv

4(β − v2)
|B |2B = 0.

Question: (B (ǫ), ρ(ǫ), u(ǫ)) solution of the Zakharov-Rubenchik
system.
B solution of the NLS equation.

B (ǫ) → B ? If so, in what sense?
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Theorem

Assume ω̃ < 0, β − v2 > 0 and v < 0.
Let s > 3

2 , ǫ < 1 and

(Bo , ρo , uo) ∈ Hs+1(R) × Hs(R) × Hs(R).

Then there exists To > 0 independent of ǫ such that the
Zakharov-Rubenchik possesses a unique solution

(B (ǫ), ρ(ǫ), u(ǫ)) ∈ Co([0;To ];Hs+1(R) × Hs(R) × Hs(R)).
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Theorem

Assume ω̃ < 0, β − v2 > 0 and v < 0.
Let s > 3

2 , ǫ < 1 and

(Bo , ρo , uo) ∈ Hs+1(R) × Hs(R) × Hs(R).

Then there exists To > 0 independent of ǫ such that the
Zakharov-Rubenchik possesses a unique solution

(B (ǫ), ρ(ǫ), u(ǫ)) ∈ Co([0;To ];Hs+1(R) × Hs(R) × Hs(R)).

Furthermore, if uo − vρo = −k|Bo |2 and βρo − vuo = k v
2 |Bo |2,

B (ǫ) → B in C o([0;T ];C 2
loc )

where B is the solution to the NLS equation (13) for initial data
B(0, x) = Bo(x).
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Theorem

Assume ω̃ < 0, β − v2 > 0 and v < 0.
Let s > 3

2 , ǫ < 1 and

(Bo , ρo , uo) ∈ Hs+1(R) × Hs(R) × Hs(R).

Then there exists To > 0 independent of ǫ such that the
Zakharov-Rubenchik possesses a unique solution

(B (ǫ), ρ(ǫ), u(ǫ)) ∈ Co([0;To ];Hs+1(R) × Hs(R) × Hs(R)).

Furthermore, if uo − vρo = −k|Bo |2 and βρo − vuo = k v
2 |Bo |2,

B (ǫ) → B in C o([0;T ];C 2
loc )

where B is the solution to the NLS equation (13) for initial data
B(0, x) = Bo(x).

(FO, Reports on Mathematical Physics, 2007)
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Key: if ω̃ < 0, β − v2 > 0 and v < 0,putting

(V ,F ,G ) := (ǫ∂−1
x (u +

v

2
ρ)t , u − vρ+ k|B |2, βρ− vu + k

v

2
|B |2)

and

(α, β, γ, δ) :=
√

2(Re(B), Im(B),Re(Bx ), Im(Bx )),

Y = (V ,F ,G , α, β, γ, δ)
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Key: if ω̃ < 0, β − v2 > 0 and v < 0,putting
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x (u +

v

2
ρ)t , u − vρ+ k|B |2, βρ− vu + k
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2
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and

(α, β, γ, δ) :=
√

2(Re(B), Im(B),Re(Bx ), Im(Bx )),

Y = (V ,F ,G , α, β, γ, δ)

satisfies the perturbed symmetric hyperbolic system:

Yt +

(
1

ǫ
M + N(Y )

)
Yx + R(Y ) + AYxx = 0.

Here, M, N(Y ) are symmetric matrixes, A is antisymmetric and
R(Y ) is a nonlinear term.
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Key: if ω̃ < 0, β − v2 > 0 and v < 0,putting

(V ,F ,G ) := (ǫ∂−1
x (u +

v

2
ρ)t , u − vρ+ k|B |2, βρ− vu + k

v

2
|B |2)

and

(α, β, γ, δ) :=
√

2(Re(B), Im(B),Re(Bx ), Im(Bx )),

Y = (V ,F ,G , α, β, γ, δ)

satisfies the perturbed symmetric hyperbolic system:

Yt +

(
1

ǫ
M + N(Y )

)
Yx + R(Y ) + AYxx = 0.

Here, M, N(Y ) are symmetric matrixes, A is antisymmetric and
R(Y ) is a nonlinear term. We the use Friedrich’s general theory of
hyperbolic systems, coupled with Klainerman and Maj’da ideas.
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A similar result:
(Kenig-Ponce-Vega, J. Functional Analysis, 1995)

iE ǫ
t + ∆E ǫ = nE ǫ

ǫntt − ∆n = ∇|E ǫ|2

.
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A similar result:
(Kenig-Ponce-Vega, J. Functional Analysis, 1995)

iE ǫ
t + ∆E ǫ = nE ǫ

ǫntt − ∆n = ∇|E ǫ|2

sup
[0;T ]

‖E ǫ − E‖Hs → 0,

for “large” s.



Introduction - Benney’s Model Zakharov-Rubenchik system - Well posedness (2002-03) Adiabatic Limit (2006) A quasi-linear version

A previous result
(JP Dias & M Figueira, J. Hyperbolic Equations, 2007)

iut + uxx = |u|2u + vu (2)

vt + (f (v))x = |u|2x (3)
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A previous result
(JP Dias & M Figueira, J. Hyperbolic Equations, 2007)

iut + uxx = |u|2u + vu (2)

vt + (f (v))x = |u|2x (3)

For
f (v) = av2 − bv3,

given initial data uo , vo ∈ H1, there exists a weak solution u, v ,

u ∈ L∞(R+,H
1), v ∈ L∞(R+,L

2 ∩ L4).
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A previous result
(JP Dias & M Figueira, J. Hyperbolic Equations, 2007)

iut + uxx = |u|2u + vu (2)

vt + (f (v))x = |u|2x (3)

For
f (v) = av2 − bv3,

given initial data uo , vo ∈ H1, there exists a weak solution u, v ,

u ∈ L∞(R+,H
1), v ∈ L∞(R+,L

2 ∩ L4).

This result was obtained by parabolic regularisation.
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We were able to prove:
(JP Dias, M Figueira & FO,C.R. Acad. Sci. Paris, 2007)

Theorem

Let f ∈ C 3.
Given initial data (uo , vo ∈ H3(R) × H2(R), there exists T > 0
and a unique solution, with

(u, v) ∈ C j([0,T ];H3−2j (R)) × C j([0,T ];H2−j (R)), j = 0, 1.

Here, the life-span T > 0 depends exclusively on f and on the
initial data (u0, v0).
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The proof relies on an algebraic “trick”: we rewrite the system
without derivative loss:
By setting F = ut , we obtain

iF + uxx − u = |u|2u + u(v − 1).

Also, differentiating in time:

iFt + Fxx = 2|u|2F + u2F + Fv + u|u|2x − uvx f
′(v).
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Hence, we consider the following Cauchy problem:

iFt + Fxx = 2|u|2F + u2F + Fv + u|ũ|2x − uvx f
′(v)

vt + [f (v)]x = |ũ|2x

where u and ũ are given in terms of F by

u(x , t) = u0 +

∫ t

0
F (x , s)ds

and

ũ(x , t) = (∆ − 1)−1(|u|2u + u(v − 1) − iF ).

We then conclude by using Kato’s general theory for quasilinear
systems.
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Thank you for your attention!
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