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Preface

This book gathers a collection of refereed articles containing contributions presented at the
EIMI (Educational Interfaces between Mathematics and Industry) Conference held in Lis-
bon, Portugal, from 19 to 23 of April 2010. They reflect the contribution and the response
of the international scientific and educational communities to the challenge proposed by
the International Commission on Mathematical Instruction (ICMI) and the International
Council for Industrial and Applied Mathematics (ICIAM), when they have jointly launched
the EIMI Study in July 2008, the 20th of the ICMI Studies Series.

This conference which was held in Portugal as a tribute to an initial suggestion of its Na-
tional Committee of Mathematicians, corresponds to the first part of the Study, as described
in its Discussion Document, and its Proceedings intend to be a contribution to better un-
derstand the connections between innovation, industry, education and mathematics and to
offer ideas and suggestions on how education and training in these areas can contribute to
enhancing both individual and societal developments. The second part will correspond to
the Study volume which is expected to appear in 2011, as a result of the further works of the

Conference, of the invited speakers and the Working Groups.

The EIMI Conference, in addition to the contributions talks corresponding to these papers,
consisted of six plenary lectures by Thomas A. Grandine, (Applied Mathematics, The Boe-
ing Company, Seattle, USA), Celia Hoyles (Institute of Education, University of London,
UK), Arvind Gupta (MITACS, University of British Columbia, Canada), Masato Wakayama
(Faculty of Mathematics, Kyushu University, Japan), Helmut Neunzert (Fraunhofer ITWM,
University of Kaiserslautern, Germany) and Henk van der Kooij (The Freudenthal Institute,
Utrecht University, The Netherlands) and six Working Groups, covering the following top-
ics: The mathematics-industry interface; Technology issues in mathematics and in educa-
tion; Mathematics-Industry communication; Education in schools; University & academic

technical/vocational education and Education/training with industry participation.

The Scientific Committee of the conference coincided with the International Programme
Committee of the EIMI Study, that was composed by Alain Damlamian (France, co-chair),

Rudolf Strisser (Germany, co-chair), José Francisco Rodrigues (Portugal, host country),



Helmer Aslaksen (Singapore), Gail Fitzsimons (Australia), José Gambi (Spain), Solomon
Garfunkel (USA), Alejandro Jofré (Chile), Gabriele Kaiser (Germany), Henk van der Koo-
ij (Netherlands), Li Ta-tsien (China), Brigitte Lutz-Westphal (Germany), Taketomo Mitsui
(Japan), Nilima Nigam (Canada), Fadil Santosa (USA), Bernard Hodgson (ex-officio, ICMI),
Rolf Jeltsch (ex-officio, ICIAM).

The Editors, as members of the Local Organizing Committee of the EIMI Conference, wish
to acknowledge the ICMI and the ICIAM for the promotion of this important and timely
Study and the thank the financial support of the sponsors of the Conference, namely the
Fundagao Calouste Gulbenkain, the Fundacao para a Ciéncia e a Tecnolologia, the Univer-
sidade de Lisboa and the Centro Internacional de Matematica, that hosted its organization.
A special acknowledgement is due to COMAP (the Consortium for Mathematics and Its
Applications) for taking in charge the publication of these Proceedings.

Adérito Aratijo, Coimbra
Anténio Fernandes, Lisboa
Assis Azevedo, Braga

José Francisco Rodrigues, Lisboa

Vi



Mathematical modelling in making linkages or mechanics:
Using LEGO located on elementary mechatronics tools

Presenting author [MlaTSuzAKI AKIO
Naruto University of Education

Abstract In old authorized textbooks “Second Categories in Mathematics” of Japan,
tools or machines that were familiar to students in those days were taken
up as materials, and the problems about those motions or structures were
intended to be solved by mathematically and scientifically approaches. To
make linkages or mechanism with using LEGO can be one of the modern
approaches of mathematical modelling. I will introduce example of teach-
ing practices of mathematical modelling for upper secondary students, and
that aims are to reproduce or actualize various mechanisms. Students could
learn mathematical modelling through finding properties of mathematics
from each model or making models reflected properties of mathematics.
We can confirm those from LEGO models that are reflected students’ ideas.
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Introduction

I have developed mathematical modelling materials and instructed with using LEGO locat-
ed on elementary mechatronics tools (Isoda & Matsuzaki, 1999, 2003; Matsuzaki & Isoda,
19993, 1999b; Matsuzaki, 20006, 2007). We can see properties of mathematics from mo-
tions of tools or machines (Ito, 1983; Mankiewicz, 2000). As one of the studies on modern
handling of tools or machines in mathematics education (e.g. Isoda & Mariolina, 2009),
there is a web site “History Museum of Mathematics” produced by Isoda. Contents about
studies of mechanism with using LEGO in this web site are updated as web pages “Various
Mechanism and Mathematics Experiments” from viewpoint of integration between math-
ematics and the other subject. In this report I will introduce teaching practices of math-
ematical modelling in making of linkages or mechanism with using LEGO for upper sec-

ondary students.

Mathematics and linkages or mechanics shown in old authorized textbooks of Japan

4

During World War II, old authorized textbooks “First and Second Categories in Mathematics’
of Japan take up integrated contents between mathematics and science. Tools or machines
which one of concrete contents includes familiar to students in those days are taken up as a
problem. Especially there are same called section “motions of machines” in both textbooks;
at “Chapter 1. Trace” in “Second Categories in Mathematics 3” and at “Chapter 2. Power and
Motions” in “Second Categories in Mathematics 5”. In these textbook, same materials are tak-
en up depending on learning contents by spiral, and tasks of making models or consider-
ing with using models are included in some of problems. For example, problems that took

up four sections mechanism are the following figures 1 and 2.

Mathematical modelling materials and teaching practices examples with using LEGO

Components constructed mechanism are called link that provide necessary motions for
machines. In the case of LEGO, various parts of block are equivalent to link, as well as block
parts that are basic components, there are also gears and sticks, joints etc...(Fig.3), and these
are able to reproduce or actualize various mechanism. Figure 4 is reproduction of four sec-
tions mechanism by LEGO that took up in a previous page (see Fig.1 & Fig.2). As an advan-
tage of reproducing mechanism with using LEGO, we can confirm motions of each point
by moving mechanism. In addition, by exchanging or changing blocks or joints, we can
understand formation conditions of linkages or mechanism easily. The point where we
should pay attention to when we use LEGO as mathematical modelling materials is works

themselves with using LEGO become some models in mathematical modelling (Matsuzaki,

2 Marsuzax Avio
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Problem 2. What kind of motions does B carry out when turn C around D in the device

of the lower figure? Research its motions with making a model. In addition, draw figures

and inquire its motions.

Figure 1—“Chapter 2. Observation of figures {7: Rotaly motion” in “Second

Categories in Mathematics 1” (p.57)
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Problem2. When B turns around A, what kind of motion does D carry out in a right fig-

2%
4 T N

ure? When B turns with a same speed, which side is the speed of D fast or late? In addi-

tion, can you let move D adversely, and B do rotary motion?

Figure 2—*“Chapter 1. Trace {1: Motions of Machines” in “Second Categories in

Mathematics 3”(p.1)

2000). In other words, we apply characteristics of LEGO that can make or modify models

easily, and could propose a new mathematical modelling instruction.

At Next, I will introduce examples of teaching practices of mathematical modelling for up-
per secondary students, and that aims are to reproduce or actualize various mechanism.
Students could learn mathematical modelling through finding properties of mathematics
from each model or making models reflected properties of mathematics. Special lessons
for students are planned, and these lessons are applied characteristic of each subject or spe-
cialty of each teacher. The period of these lessons is two years from the 11th grade to the
12th grade, and the lessons for the 11th grade students are called ‘seminar’ and the lessons
for 12th grade students are called ‘theme study’. These lessons for two grades connect as a
rule, and in ‘theme study’ students have to settle the matter learned in ‘seminar’. In addi-

tion, the 12th grade students have to study in details as a graduation paper.
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Figure 3—Parts of LEGO Figure 4—Four sections mechanism by
LEGO

“Seminar” for the 11th Grade Students

There were seven times lessons (total 18 hours) from June 2006 to February 2007. I planned
the theme “the world come true by LEGO and the world of mathematics” as mathematics
“seminar” and 26 students selected. In these lessons two mathematics teachers instructed

by team teaching.

At the first period, teachers explained the fill-in of “seminar” and machines or mechan-
ics. So teachers proposed reproducing “the vehicle in an amusement park” as one of tools
or machines familiar to us with using LEGO. At that time, teachers introduced the follow-
ing web sites as references; “Pages of LEGO” within “Mathematics History Museum” that
is one of projects of Center for Research on International Cooperation Education Develop-
ment (CRICED) by Isoda in University of Tsukuba (Fig.5) and Kinematic Models for De-
sign Digital Library (KMODDL) in Cornel University that display various collections of me-
chanics (Fig.0).

At the second period, students really tackled reproduction or actualization of tools or ma-
chines which each student chose with using parts of LEGO. At first, each student decided a
tool or a machine to reproduce or actualize, and considered mechanism to hide behind in
a tool and a machine with referring to books and web sites. And next teachers let students

illustrate linkage of mechanism while exemplifying lazy tongs which a certain student pro-

duced.

At the third period, students continuously tackled reproduction or actualization of tools or
machines, and teachers suggested students to focus on mechanism. So teachers instructed
two directions for inquiring; first one is to research about mechanism to hide behind in a

tool or a machine, and second one is to apply mechanism and to create a new tool or ma-

4 Marsuzaki Axio
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Figure 7—Products by

students on web page

chine. Students presented progress report about the past activity and future development

to another students or groups.

At the fourth period, students looked back on past activities, and each student or each group

confirmed problem setting and policies of activities to be jointed to “theme study” in the

next grade.

“Theme Study” for the 12th Grade Students

24 students selected “theme study” from April 2007 continuously. “Theme study” is differ-
ent from “seminar”, and teachers have to indicate each student, because each student set
the theme according to their own interests. Method to indicate is teachers read students’
papers and tell the results, and students revise their papers. This process is repeated several
times like referee process of academic journal. Now completed students’ papers make up
into a booklet and most of them are shown on the web within CRICED (Fig.7).
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Figure 8—*“Linkage and its functions of spooky

gular velocity of P

house: lever crank mechanism” by KK

On September 2007, some of students presented about their study findings. The following

presentation slides in Fig.8 & Fig.10 are parts of presentations.

KK reproduced the situation of spooky that hide in a well appear with LEGO, and analysis
the motion mathematically (see also Fig.9). He imaged motion of spooky as “fly out with
drawing an arc” and tried to actualize motion by converting rotary motion of motor into re-
ciprocating motion of a sector. So he focused on lever crank mechanism as a mechanism
which actualized such motion. And he reflected LEGO model on plane coordinates to ana-
lyze the motion mathematically. At that time he set standard interval between the holes of
parts of LEGO to decide the unit of axis of coordinates. As a result, the motion of spooky
was not drawn circle and was equal to his image that “fly out with drawing an arc”. He ex-
pressed coordinates of spooky that is a motion point expressed in angle of rotation and drew
graphs of trace of motion point and its derived function, and he pointed out these relation-

ships.
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Consideration about the trace drawn by
moving the central part of the hull

Figure 10—“Mathematical analysis

of Viking: from manufacturing to
mathematics” by KT & SH

Figure 11:—Setting a shaft with

shade gears

freedom point

Figure 12—A trace of the middle point of

KT & SH worked collaborate to reproduce of viking. They improved models several times

to actualize the smooth motion of the hull with maintaining the strength of the viking. So

they used shade gear or worm gear (Fig.11).

And they expressed a trace of the central part of the hull as an equation and chased the mo-

tions of the hull as a trace. On this situation they can get various traces by changing pa-

rameters. They also found that a trace of the middle point of the freedom point on the cir-

cumference of two circles became in the shape of a doughnut (Fig.12). The equations of the
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trace are added a condition that ‘central part of the hull always took fixed number n’ as this.

Finally they generalized a equation of the trace.

Conclusion

In old authorized textbooks “First and Second Categories in Mathematics” of Japan, tools or
machines that were familiar to students in those days were taken up as materials, and prob-
lems about those motions or structures were intended to be solved by mathematically and
scientifically approaches. The characteristics of those problems include tasks to make mod-
els of tools or machines, and consider with using those models that students own made. To
make linkages or mechanism with using LEGO located on elementary mechatronics tools

can be one of the modern approaches of mathematical modelling.

In this paper, I took up the theme “the world come true in LEGO and the world of math-
ematics” by team teaching of mathematics teachers and introduced teaching practices and
students’ activities in “seminar” for the 11th grade students and “theme study” for the 12th
grade students. The problem is to reproduce or actualize “the vehicle in an amusement
park” that were one of tools or machines that were familiar to students. It is difficult to ac-
tualize them precisely with using LEGO because limit of parts or strength problems, and
it is possible to reproduce or actualize parts of structures or models of them. At that time,
characteristics of models are reflected students’ ideas and we can confirm those from LEGO
models. For example, KK applied lever crank mechanism and actualized motion of spooky
based on his image, and KT & SH tried to modify devices of the hull at several times. Then
students referred various web sites about linkages or mechanisms. Furthermore students
analyzed LEGO model mathematically. For example, KK set standard interval between
holes of parts of LEGO and reflected LEGO model on plane coordinates. KT & SH consid-
ered patterns of the trace of the hull based on the combination of parts of LEGO in process

to lead an equation of the trace.
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Presentation

The Spanish Committee for Mathematics (CEMat) and its Committee for Education cele-
brates the launching of the International ICMI Study 20 devoted to Educational Interfac-
es between Mathematics and Industry as a joint collaboration of the International Com-
mission for Mathematical Instruction (ICMI) http://www.mathunion.org/ICMI/ together
with the International Council for Industrial an Applied Mathematics (ICIAM) http://www.

iciam.org/.

The Committee for Education of the CEMat, that plays the role of ICMI-Spain, has studied
and valued positively the convenience of contributing to the 2010 EIMI Conference (which
will be held in Portugal) by a report about the current situation and perspectives of the edu-

cational relations and connections between mathematics and industry in Spain.

ICMI-Spain has realized that there are several activities that are being developed in this
field in Spain, both at university and secondary education levels. Some Spanish universi-
ties and research centres are active members of the European Consortium for Mathemat-
ics and Industry (ECMI) http://www.ecmi-indmath.org/ and some of their directors are
members of CEMat and its Committee for Education. There are instructors and innova-
tion teams in secondary education involved in the development of studies about the rela-
tions between industrial activities and mathematics in secondary education. The “Direccién
General de Formacion Profesional” of the “Secretaria de Estado de Educacion y Formaciéon”
of the Ministry of Education (MEC) http://www.mepsyd.es/mecd/jsp/plantilla.jsp?id=
1448&area=organigrama has expressed its will to deepen into this field from the point of view

of a professional education reform.

According to this approach, the Committee for Education of the CEMat has promoted the
presentation of a joint work addressing some of the issues raised in the Discussion Docu-
ment of the EIMI Study.

1. Introduction

The present contribution brings together three works that consider, at secondary and uni-
versity levels, the educational relationships between engineering, in a very broad sense,
and mathematics. Such works take as its starting reference some experiences developed in

Spain.

The common framework of the contribution is exploring (from the formative viewpoint)
the two-way road between mathematics and engineering. On one way, it is interesting to

determine and include in the secondary education and university syllabuses the math that
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play a role in the real world when it comes to problem solving and applications. The other
way is related to value the contribution to mathematical education of the methods, tech-

niques, procedures and experiences from the real world and engineering.

The works we mentioned above are arranged as follows. The first work is devoted to explore
certain questions related to the previous issues in the context of secondary education. This
work has been developed by instructor Miquel Alberti. The second work (due to Profs. Amat
and Busquier) analyzes, in a particular case, what type of math is more suitable to be taught
to engineers. The third and last one deals with the development in several Spanish forma-
tive proposals of the concept of Mathematical Engineer, work developed by Profs. Romero

and Tejada (coordinator).

2. Mathematics and “Engineering” in secondary education

During the last year a research concerning mathematical activity at work contexts has been
developed in the town of Sabadell (Catalonia, Spain). As a result of this study we have
reached several conclusions related to certain statements presented in the ICMI-ICIAM’s
Discussion Document of the International Study on Mathematics and Industry. From our view-
point, these conclusions are basic for a didactic approach of the problem in the secondary

school. The main questions are the following.

First, it has been always said that Mathematics are used almost everywhere, but the contexts
of its use and the way it is used may have changed through the last years. What several dec-
ades ago had to be solved with paper and pencil was solved later with calculator and it can
be solved now with computer. Software often appears incorporated to machinery. Which

kind of Mathematics is used today at work?

Second, the presence of Mathematics in real life contexts has usually been seen, by profes-
sional mathematicians as well as by mathematics educators, as applications of Mathemat-
ics. However, it’s not often like this. History of Mathematics shows that before becoming
academic, many elements of Mathematics were grounded on practical problems. Axioms,
theorems and proofs are not the beginning, but the final stage of a process through which
academic mathematics are settled. The use of Mathematics at work, is limited to applica-
tions of academic Mathematics? Do workers solve a problem in the same way than it does

a mathematics educator?

Third, almost all mathematics educators come from an academic context and never have
worked in another job different from teaching. There are three reasons for which practice

work mathematical aspects should be considered in a truly competence mathematics edu-
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cation. First, educate citizens to be mathematically competent, and not only at work, but
culturally. Second, to prepare students for the work world anticipating at class some of the
activities they will have to face once finished the secondary school. And third, make clear
the relationship between Mathematics and social and cultural environments. Then a ques-
tion arises: How can a teacher promote mathematical competency coherent with a non-aca-
demic work or industrial environments if his or her mathematical education was developed

outside these environments?

We suggest solutions to these three points of interest considering both teacher and student
interests from an educational point of view. Teacher need to educate people mathematically
competent. This means real life competency. To achieve this goal they need to put their stu-
dents in real life situations of which work situations are a part of utmost importance. Stu-
dents must learn mathematics and realize that the mathematical knowledge they have ac-
quired is really useful to answer or to create answers to the problems they will face in their

lives, also as workers, after secondary education.

Concerning to secondary education, the approach could be determined by three main ques-

tions related to the role to be developed by the different educational stages towards Industry:

(a) INDUSTRY AND SECONDARY EDUCATION CURRICULUM

Which are nowadays the general and actual frameworks between Education and In-
dustry? What is studied concerning to Industry at the secondary school? Which rela-
tion or presence has Industry in the mathematics curriculum? Which mathematics is

involved in those topics related to Industry that are studied in another matters?

(b) MATHEMATICS FOR INDUSTRY

To know directly after interviews to workers and industrial business men which math-
ematics is used and/or needed at industrial field. Such a field is so huge that research
should be limited to the most outstanding industrial sectors in the aim to precise a

fundamental mathematical kernel.

(¢) INDUSTRY AND COMPETENCY EDUCATION

Which mathematical aspects and skills should be studied deeply at secondary school
in the benefit of people’s competency? It’s desirable that someone who has finished
secondary education can face his or her incorporation to the industrial work field, vo-

cational training or university technical studies.

The following are our considerations concerning to the six focus of attention of the EIMI-

ICMI project, in the context of secondary school:
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Starting point is the identification, development and valorisation of a curriculum includ-
ing innovative applications of mathematics and highlighting industrial mathematical prob-

lems. But then the point is: Which are the ‘industrial mathematical problems’?

To specify an adequate level for workers means an agreement between educators and pro-
fessionals. It can be achieved through a mathematical education by competences. After
passing secondary school stage one should be mathematically competent to face a profes-
sional training industrially oriented. But, do they the teacher and the professional share the
same idea of competency? Maybe they complement each other? Anyhow, it’s essential to
know differences and intersections to know which ones must enter into mathematical sec-

ondary education.

Student activities at secondary school should fit three aspects. First, they should not be iso-
lated from reality. Second, extra academic activities for students should be addressed to-
wards the knowledge of industrial world, visiting in situ some industrial enterprises accord-
ing to their relevance, availability or spatial proximity. Third, education authorities should
promote, as it’s the case of Catalonia (Spain) the realization of work practices out of school

in industrial enterprises.

But not only students must be the focus. Teachers must know what happens outside of their
academic context. Teacher training by non academic professionals can lead to mathemati-

cal developing, both in its knowledge and educative aspects.

This work is concerned with secondary school perspective. Industrial view should be ob-

tained interviewing industrial professional and business men.

Industrial Sectors for this EIMI-Secondary School Study

Let us start with the identification of the Industrial Sectors for this EIMI-Secondary School
Study to know which Mathematics is used. An Spanish ICMI study should be focused on
Catalonia, Madrid, Valencia and Basque Country, Main Spanish industrial branches are
found in Catalonia, Madrid and Valencia, and then at the Basque Country and Andalusia.
Catalonia-Madrid becomes the fundamental axis of Spanish industry ahead of the transver-
sal axis Valencia-Pais Vasco, but given the actual accessibility of the author, and concerning
to secondary school, these work had to be developed around Catalonia. Merce Sala study in
2000 was intended to know which the most significant branches of Catalonian Industry.
She took three indicators: occupancy, gross added value y number of establishments. Her
work shows that importance of Industry is due to its 28% of the Catalonia’s PIBpm as well
as of its occupancy. Also, ‘Catalonia creates more than the 25% of the VABpm and almost

a 24% of the Spanish industrial occupancy’ (Sala, 2000: 4).
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Considering as more productive branches those leading the classification according to the
three former indicators and that altogether give more than the 70% of employment, added

value and number of establishments, we get a list of the main industrial sectors:

i) Textile industry

ii) Engineering industry

iii) Food, drink and tobacco industries

iv) Chemical industry

v) Paper, edition, graphic arts and reprography industries
vi) Machinery and mechanical equipment

vii) Car industry

viii) Electric machinery and implements

According to its technologic complexity, Sala (op. Cit.: 10) classifies these eight industrial

sectors in the following way (table 1):

Technologic complexity =~ Branch

Very high Electric machinery and implements
High Chemical industry
Machinery and mechanical equipment
Car industry
Meddle Engineering industry
Low Textile industry

Food, drink and tobacco industries

Paper, edition, graphic arts and reprography industries

Table 1—Outstanding industrial sectors and technology.

Taken into account that the study concerns secondary school, it should be appropriated only
to consider industrial sectors for which no very specific instruction is needed. This means
to reduce the eight former sectors with high or very high technologic complexity. Doing it
that way, only four are left: Textile industry; Engineering industry; Food, drink and tobacco

industries; and Paper, edition, graphic arts and reprography industries

Unfortunately, contemporary crisis made difficult to contact and to get response from enter-
prises belonging to these sectors. Due to this reason the scope of the study was limited to
different kind of jobs, some outside industrial field. But anyway, and given the elementary
education level as it’s the secondary school, the reader will see that the results and conclu-

sions we show here are easily applicable to the industrial field.
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Industrial Culture, Education and Mathematics

Several characteristics of the industrial field are absent in secondary education and in math-

ematics education as well: competitiveness, production and valorisation method of results.

Lack of competitiveness, often existing between pupils, is usually vanished by teachers and
educators, probably as a consequence of the traditional lack of it between public education
professionals. Nevertheless, some kind of competitiveness between educators is fomented

now by education authorities.

In secondary education very rarely a product is elaborated, and when it’s the case, it usually
happens outside the mathematical context. It’s so in academic activities belonging to the
technologic field. But although mathematics can be used in the elaboration process, they
do not receive the proper attention. Industrial productions are almost inexistent as there is

not available technology to produce them.

Another critical aspect to be considered at work is that, be it or not industrial, it’s not
enough to get a 5 to pass the exam, you must get a 10. Otherwise, the product is not correct.
If it is not perfect, then it's wrong. Moreover, the result is not only valued by the chief, but
by lots of customers. Hence, there is an external and social valorisation totally absent in sec-
ondary school that transcends teacher’s evaluation. In academic education contexts, pupils

work rarely transcends teacher or professor evaluations.

Here we find a reason for introducing and intensify the academic weight of realistic and
productive activities to be developed individually or in group, in collaboration and coopera-
tion, the aim of which transcends teacher numerical qualification. Education in search of
the 10, and not only the teacher’s one, but also the student’s and social environment’s one.

This means to introduce a bit of industrial culture into the secondary school.

Mathematics at Work

To know which Mathematics is used and how it’s used at work it has been elaborated a
Guide of Work Mathematical Activity (Alberti, 2009, pp. 100-102). Given the wide extension
of the context, the study was limited to actually accessible jobs for a people after having fin-
ished secondary school in the town of Sabadell (Catalonia, Spain). This guide relates math-
ematical activities developed at work with the five content groups of the Spanish secondary
school curriculum. All these work mathematical activities were identified after interpella-
tion to professional workers of every job. It has been confirmed, according to the ICMI doc-

ument, that workers still think that only something truly hard deserves to be considered as
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mathematical. For instance, workers do not see as mathematics the calculation of the area

of a room or calculated estimations of the measure of a magnitude.

Jobs studied came from different labour sectors. But all of them were closely related to In-
dustry in one of two senses. The first, because the job belonged to an Industrial sector, as it
was the case car industry. The second, because nowadays most of the tasks are delegated to

special technology and such a technology usually comes from Industry.

As mentioned above, the main mathematical activities at each of these works were related
to the five contents of secondary education: (i) Numeration and calculation; (ii) Change and

relations; (iii) Space and shape; (iv) Measure; and (v) Chance and statistics.

After all we got a series of mathematical activities rooted on work contexts. Five activities
shared by almost every job were identified as UWA (universal work activities), where often

one find mathematical activity:

UWAT: To follow hygienic and security rules at work.

UWA_2: To follow chief work orders and instructions.

UWA3: Budget estimations, stocktaking and cashing up.

UWA4: Label, map and operating manual interpretations (including software).

UWAj5: Creation and interpretation of graphics and maps.

Teaching-learning capabilities were checked to bring them to academic contexts in the aim
that students experiment at classroom several of the real world mathematical activities they

will need to overcome once finished their secondary school education.

Not only applications of Mathematics

Are Mathematics actually applied at practice? If so, do its applications agree with those
applications referred by mathematics educators in the classroom? In this sense, we have

found several discrepancies.

In Building right angles are traced on the basis of the so called by workers as ‘Egyptian tri-
angle’, i.e., a triangle of sides 3m, 4m and 5m or a smaller proportional one of sides 30cm,
4ocm and 5ocm. Workers know that such a figure produce a right angle, although they
don’t know a proof of it. In fact, they don’t need to know such a proof. Nevertheless, Mathe-
matics educators not only should know this proof, but the proof should belong to the math-
ematical education they offer to their students. Pythagorean theorem is made of two im-
plications. The first one is the most popular and usually presented in secondary education
classrooms in Spain. But people working in building make right angles thanks to the other

implication, which never is proved, studied or showed in the classroom.
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In Multimedia Design Production is interesting to save money inserting the maximum
number of visiting cards (just to put an example) into one sheet of paper. Experts do the
task experimentally, but it could be done easily preparing an EXCEL page to determine their
maximum possible number and the way they should be placed into the sheet of paper. So
we did it. It was a spatial optimization problem solved with EXCEL which solution was truly

welcomed by the professional.

An important geometric problem in Agriculture as well as for Gardening is to design the
shape of a trees plantation. This means to create a grid which intersection points determine
the places were trees will be planted. A type of these is the so-called ‘tresbolillo’ plantation
in Spain. When the interviewed gardener explained his system he referred to his triangular

grid as equilateral although it was actually made of isosceles triangles.

The researcher, as mathematician and mathematics educator, asked himself how would he
do or explain to his students the construction of an equilateral triangular grid. He thought
that such a construction should be practical because it had to be done on the land, not on a
sheet of paper. He considered the Euclidean solution for the construction of an equilateral
triangle could fit the requirements if put into practice with long enough strings. However,
reality didn’t go that way. At practice, the Euclidean solution is not used to build such grids,
but another one describe by Gil-Albert (1999, p. 84) where the equilateral triangle is ob-

tained as a limit case of an isosceles one (fig. 1).

Car industry workers have to know how to interpret graphics. But often they need to do in
a way not usually studied in academic contexts. Academic graphic interpretations too of-
ten look at the function involve too closely, the teacher asking for images and anti images,
growing and decaying intervals. But in reality, sometimes, these are not the most relevant
factors. This is the case for the following one, where colours play an important role to show
that it’s possible to make a new car more respectful with the environment along improving

the former power response (fig. 2).

Hence, the mathematician and the mathematical educator must be careful and work to-
gether with professionals when developing mathematical models to fit real practice. Let’s
not forget that theoretic solutions to practical problems often are not the best practical so-

lutions of the problem.
Work and Industry: a source of real mathematical activities
Math activities from work contexts are real, practical and contextualized problems where

teachers can situate students. Sometimes, work math activity consists in an application of
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D. Plantaciones al «tresholillo»

En el caso de las plantaciones al «tresbolillos, el replanteo, una vez seia-
lada la alineacién principal, resulta mucho méds simple, ya que las operacio-
nes de sacar verticales y hacer el relleno son innecesarias. Para realizar el re-
planteo completo, basta que un pedn cologue el punto (0 m de la cinta, en la
primera caia de la alineacion principal; otro pedén hace coincidir con la caia
siguiente el punto de la cinta equivalente al doble del marco (si éste es de
5 m, el punto sefalado 10 m). El tercer pedn tensa la cinta tirando del punto
de ésta, marcado con la cifra equivalente al marco de plantacion, y sefala es-
te vértice del tridngulo equildtero con otra caila (grifico 4.6).

El equipo se va desplazando sobre la base de cafla en caila, y pasa des-
pués a repetir la operacién sobre la linea recién marcada; siguiendo asi hasta
completar la parcela. Durante el replanteo, es conveniente comprobar visual-
mente las alineaciones de las caias en todas las direcciones, para poder corre-
gir rdpidamente los errores que puedan producirse, antes de que se acumulen
en forma peligrosa.

En ocasiones, el replanteo puede hacerse sustituyendo la cinta métrica,
por un cable de doble longitud que el marco, en el que se sujetan tres argollas

GRAFICO 4.6

REPLANTEQ AL TRESBOLILLO (5 m)

Punto 10 m Despl -~

Cinta métrica 0 cable de longitud dobie del
marco (10 m)

Punto 5 m (tensan

Figure 1—Equilateral triangle as an isosceles one.

academic math knowledge; while others, becomes a melting pot to math creation. But any-
way, both are authentic situations not invented nor supposedly real according to teacher’s
imagination. Demidovich (19776: 91) contextualizes in Building a popular problem of con-
structing an optimal fence from a wall. Pisa 2003 Study (2005) declares as work context
its problem 22, consisting in calculating how many different pizzas can be prepared com-
bining the available ingredients. During our research we had the opportunity to ask about
these questions to workers. No one answered affirmatively, pizza makers looked at us as-

tonishingly.
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Figure 2—A new car good for us and good for the

environment.

Software as EXCEL is so much used today that its academic treatment should be reinforced
and expanded. Pupils should not learn to use it only to pass exams or to get teacher’s ap-

proval, but to realize that it will be a good help to situate them in life after school.

Mathematical knowledge learned after work mathematical activities has the meaning that
often student demand or cannot find in other academic mathematical practices. Real con-
texts should play a fundamental role in mathematical education. If we see Industry not as
part of a taken for granted larger label as Work, but as its generalization, we’ll see how great

role can play in secondary education.

Work Mathematical competence versus Cultural Math Gompetency

If Mathematics educators pretend to offer an authentic competency education coherent
with contemporary social and cultural environments, they should know which Mathemat-
ics are used in the world they live in to prevent realizing mathematical projections over it.
Introducing at classroom some mathematical activities from the work world no only fa-
vours interaction between Work or Industry and Mathematics, but reveals the presence of
Mathematics in real daily life. It also helps students’ motivation, as pupils will find in such

activities a sense and a meaning rarely found in other classroom mathematical tasks.
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We want to mention a decisive event in our research planning. It happened with two stu-
dents with a high lack of motivation towards Mathematics and towards their general learn-
ing process. They were addressed to follow special sessions in a specialized professional
training centre one day of the week. They were asked to write down and show to their Math-
ematics teacher whatever they did related to Mathematics when they learned to be bar wait-
ers, cookers or carpenters. Astonishingly they actually did it. They worked out these outside
school’ mathematical tasks, while they did not work school ones. Later on we knew they

were very good job workers.

Industry for Mathematics Education

Mathematics coming from work contexts cannot and should not determine the scope of
Mathematics secondary school curriculum, but part of it should be incorporated at it. If
not, on which aspects can we base the relation of our matter with reality? Such a relation
should not be left to teacher’s imagination and creativity. This would not be honest and it
could transmit the perception that such a relationship is arbitrary, depending on the teacher
hobbies. To prevent it it's necessary that teachers of Mathematics know what happens out-
side their academic context. So they will see Industry as a source for mathematical problem
solving and creation from where to get authentic and real mathematical activities to be de-

veloped at classroom.

Continuum changes of our society (technological, social and cultural) demand a continu-
um up to date of knowledge of our environments (technologic, social and cultural). Math-
ematicians and mathematical educators will find a task to do with any kind of workers, es-
pecially in Industry. They can promote adult workers’ mathematics education through the
use of advanced technology (software, if it can make work easier), and helping workers to

solve mathematical problems.

3. Mathematical Competences in the Engineering Curricula versus Industrial demands

Nowadays there is a considerable attention directed towards increasing the achievement,
participation and involvement of mathematical tools in engineering. Mathematics, includ-
ing statistics and computing, are accepted as an important part of technological applica-
tions. The relation between university, research institutes and industry is now more active.
Mathematics provides the language for communication and discovery in many scientific
disciplines and modern industry. For this reason is very important to incorporate the use
of mathematics in the new engineering curricula in a satisfactory way. However, this task

is not trivial and many problems have to be solved.
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Mathematics has to be one of the most important parts in almost any science or engineer-
ing education. Mathematicians provide a logical thinking and a language that explains

many complicated processes. It is crucial in the technological development.

It is important to remark that different historical periods required different types of math-
ematics. Nowadays, mathematicians and engineers have to work together in real applica-
tions. The technological progress also demands, every day, a progress in mathematics. The
link between pure mathematics and its applications in the industrial progress is a crucial

task. In particular, the engineer has to obtain the necessary competences to develop this

collaboration.

In the last decade the collaboration between the university and the industry has increased
considerably in the Region of Murcia (Spain). Many research groups in the Polytechnic
University of Cartagena (UPCT) have industrial projects. This fact has pointed out the need
to review the mathematical competences in the new curricula of the engineers. The differ-
ent departments are working in these new curricula and in the next year the new programs

will start.

The aim of this part of the paper is to analyze the competences in mathematics in the new
curricula of the engineers. It is a preliminary work and special attention is paid to the par-
ticular case of UPCT. We would like to compare the competences obtained by the student

in this university with the ones that the industry demands.

This study is organized in four parts. The first will present the wished competences. The
new curricula elaborated (to start in 2010) are analyzed in the next part. As a particular ex-
ample, that is very important in our region, we detail the mathematical competences in the
Agricultural Engineering. The following part explains the type of collaboration with the In-
dustry of the Region of Murcia in Spain. Finally, we present some discussions and conclu-
sions by analyzing the acquired mathematical competences in the university in comparison

with the demanded in the agricultural industry.

The new curricula encourage the acquisition of both transversal and specific competences.

The transversal competences can be divided in three subgroups.

A) Instrumental transversal competences

T1.1 Ability to analyse and synthesise

T1.2 Ability to organise and plan

T1.3 To communicate suitably both orally and written in Spanish
T1.4T o communicate suitably both orally and written in English

T15 Basic computational abilities
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T1.6 Ability to use the information
T1.7 Resolution of problems

T1.8 Decision making

B) Personal transversal competences

T2.1 Critic and auto critic ability

T2.2 Team work

T2.3 People relations

T2.4 Ability to work in a team

T2.5 Ability to communicate with other experts

T2.6 To show knowledge and understanding of the diversity
T2.7 Ability to work in an international context

T2.8 Ethical approach in the different fields of the profession

C) Systematic transversal competences

T3.1 Ability to apply the knowledge in practice

T3.2 Ability to knowledge

T3.3 Adaptation in new situations

T3.4 Creativity

T3.5 Ability to become a leader

T3.6 To show knowledge and understanding of others cultures
T3.7 Ability to work on your own

T3.8 Initiative

T3.9 Qualité

T3.10 Motivation

The specific competences depend of each degree. The mathematics has a transversal nature
and the above competences can be incentivized in our courses. Moreover it can be used to
obtain specific competences in many different situations. The specific competences are re-
lated with the type of work that the student can be done. The UPCT is a polytechnic. There
are several engineering degrees with different specific competences, however only one de-
partment of Applied Mathematics and Statistics. The material prepared by our department
has several particularities depending on the specific characteristics of each degree. Basical-
ly, in order to obtain its specific competences, the real applications are always related with
the degree.

The specific mathematical competences are: Ability for the resolution of mathematical
problems in engineering. Applications of mathematical tools related with: linear algebra;

geometry; differential geometry; differential and integral calculus; ordinary differential
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Competences

Specific Transversal
Ability for the resolution of mathematical problems in v T1.1 v T2.1 v T3
engineering. Applications of mathematical tools related with:  , T1.5 v T2.2 vT3.2
linear algebra; geometry; differential geometry; differential xT13 vT23 v 133
and integral calculus; ordinary differential equations and v Ti4 v T2.4 v T3.4
partial differential equations; numerical analysis, statistics and v T1.5 vT2g v T35
optimization. The use of MATLAB in engineering problems. v T1.6  xT2.6 ~ xT3.6
v 1Ly xTay v 137
v T1.8 XxT2.8 v T3.8
v T3.9
v T3.10

Table 2

equations and partial differential equations; numerical analysis, statistics and optimization.

The use of MATLAB program in engineers problems.

Traditionally mathematics and engineering have been learning in different separate cours-
es. Many students of engineering have not been especially motivated to study mathematics.
Mathematicians do not see how to apply the theory in engineering. In particular, there is

usually too big a gap between the different fields during the learning process.

One goal in the new curricula is to decrease the distance between the different areas in
order to obtain students with the necessary competences. In the last two years we have
worked in this direction in our university. The collaboration between researchers, teachers

and industry is very important.

A particular situation can be found in the Agricultural sector. Many groups in our university
work with the industry of this sector and many deficiencies in the actual curricula have been
detected. With the new curricula we try to respond to new challenges by taking into account

mathematical working life requirements in a better and a more appropriate way than earlier.

Now, we describe the specific and transversal competences acquired in the Agricultural En-
gineering at UPCT with the mathematical courses on Algebra and Calculus, Differentials

Equations, Applied Statistics, Numerical Analysis and Informatics (see table 2).

As we can see, in these courses the student seems to learn the necessary mathematical tools
to obtain a good background in the topic. Moreover, it is motivated both the own work and

the team work. The learning process is active and the use of computer tools has been in-
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creased. Finally, the applications and the relation of the mathematics with real problems

emerge as the key point.

But, is it enough for the industrial applications? To answer this question, we will analyze
the acquired mathematical competences in comparison with the demanded in the agricul-

tural industry

The agro food sectors in the region include: Horticulture, Fruit culture, Canned, Citric,
Almonds and Cereals, Olive and Olive Oil, Vineyard and Wine, Fishers and Aquaculture,
Farming, Meat Industry. The contribution of the agro food sector at the region economy is
the most important. Our principal companies as: Hero, Juver alimentacién, Cofrusa, Garcia
Carrién-Don Simoén, EL Pozo alimentacién, Ricardo Fuentes e Hijos S.A, Cafés Celdran y
Bernal, El Barranquillo, Harimsa, Macopan, Duran or Bonduelle are very important in our

economy.

The implication of the government is also very important. For example, the public expendi-

ture in Euros for [+D+I in the region is increasing every year:

2007 2008 2009 2010 2011
8.210.520 8.8867.362 9.576.751 10.342.891 I11.170.322

On the other hand, in our university, the Higher Technical School of Agricultural Engineer-
ing has a very nice international reputation. This School has some leader research groups
that have active collaboration with these companies. In most of these projects high math-
ematical competences are necessary. Actually, our department works with these groups in
order to improve these competences. The necessary mathematical tools include: basic sta-
tistic, nonlinear least-square, ANOVA, mathematical models using statistic or differential

equations and computer applications.

It is clear that Agricultural industry needs professionals with high mathematical compe-
tences. As we have described, the different sectors use all the mathematical tools that com-
pose the new curricula. Thus, the goal will be to obtain an engineer that can work fluently
with a mathematician (or any scientific) and give clever solutions to the industrial problems.
Of course, we need also a compromise from the other side: the mathematicians. In fact, the
need for a strong collaboration between the different parts: schools, universities, business-
es and governments, concerning the promotion of mathematics, science and technology,
should be unanimously recognised. The main reason for such an initiative is the dissatis-
faction of industry with the quality of specialists emerging from universities. In our opin-

ion the new curricula and the new pedagogical techniques can improve the mathematical
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competences of our engineers. The pedagogical proposal in our department could be clas-
sified halfway between the classical teaching techniques and the new pedagogical propos-
als introduced for adapting teaching methods to the new European Framework for Higher
Education. The innovation is focused on the use of teaching videos developed by the teach-
ers themselves as a complement for classroom lessons. The proposal was divided into three
stages. The first stage was developed during the months of September and October (the
first two months of the first semester in Spain). At this stage, the contents of the subject
were introduced with lectures. Then workgroups of 2-3 people were formed, and personal-
ized meetings were held with all the groups. Next, during the second stage in November,
the videos made by the teachers were given to the students. The videos explained both the
theory and the problems derived from that theory. The exams from previous years were pro-
vided. During this month, we had only computer-practice lessons. In the last stage, during
the months of December and January, questions raised by the students were resolved, and
the students were evaluated. The results were strongly positive. Students and teachers alike

were highly satisfied with the experience.

In conclusion, we would like to point out that mathematical technologies have the poten-
tial to bring real world applications to life in the mathematics classroom. Collaboration be-
tween researchers, teachers and industry seems crucial. Moreover, this task should be it-
erative introducing the necessary changes during the process. Many people are working in
order to improve the curricula of the engineers and a ccollaboration between schools, uni-

versities, businesses and governments seems also very important.

The new curricula seem to go the correct direction but we would appreciate the real change
in the near future. But, it is a very difficult task. The gap between the different areas and be-
tween the university and the industry has to decrease. Moreover, most research takes place
at departments of universities. Professors and are involved teaching of basic courses and
at many universities their research is considered a personal hobby. Moreover, the majority
of first year students we receive at our universities are poorly prepared. In particular, the in-
dustry is unable to find enough engineers who are sufficiently educated by our universities.
We hope that with the new curricula and the new methodologies this situation will change.

In our opinion, we have performed the first step in the good direction.

4. Mathematicians as engineers

Finally, in the third work, we shall consider the main characteristics of some master pro-
grammes developed in Spain under the common title of Mathematical Engineering. These
kinds of programs have been developed in Spain in the last years although they have a long

standing tradition in, for instance, United Kingdom, France or Italy.
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In the previous section, an analysis of mathematics contents and skills has been made, that,
in a particular case, must be a part of the engineers training, i.e. it is about mathematics for
the engineering, about mathematics for industry. From other point of view, in this section
we examine some proposals that could develop skills or contents that may contribute to the
formation of a specific type of mathematician who has the skills and attitudes that could be

considered typical of an engineer training.

Taking into account the training proposals that are being offered in this sense, two typical de-

nominations can be found in Europe: Industrial Mathematics and Mathematical Engineering.

The first one is a usual denomination within the titles offered by universities and colleges
belonging to the ECMI, which are consistent with the name of the Consortium itself. There
are also training proposals (degrees, masters and doctorates) named Mathematical Engi-
neering in countries like France, United Kingdom, Italy or Spain, which in some cases, are

offered by universities that also belong to the ECMI.

The professional performance of a mathematician in the industry, business or manage-
ment can vary from one country to another depending on the economical structure of each
of them. That is, the development opportunities as an industrial mathematician, in a coun-
try with a rich and autonomous industry such as France, may be very different from those
one could find in a country such as Spain, whose economy is focused on services and highly
dependent on the foreign know-how. This situation may partly explain why the denomina-
tion of Mathematics Engineering has been adopted in Spain against Industrial Mathemat-

ics so far.

The first question that we want to address is the following one: Does such training propos-
als agree with the same professional profile? As we will see the answer is that, even though
they have many common features overall (the usage of mathematics in solving real prob-
lems), they differ in essential aspects with regard to the professional performance that may
be expected from the students of the different training proposals. In such case, the second
question we propose is if it is worthy to define a common professional profile of the math-

ematical engineer.

One previous issue that can not be ignored is that of denomination, that is the extent to
which the denominations agree with the contents and how they communicate their objec-
tives. According to our opinion, the name of Industrial Mathematics is an evolution of that
of Mathematics for Engineering original concept. Such designation would be appropriate
at some times and in some countries where the industrial weight was very important. How-
ever, the ECMI itself was forced at one point to explicitly extend the field of its activity be-

yond the pure industrial environment, in the classical sense, to the more general field of
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business and management as it is showed with the introduction of the Techno-Mathemat-
ics and Econo-Mathematics terms. In the Discussion Document of this study it is written:
“In order to better understand these phenomena, the Study starts from a broad definition of
Industry (from the Organization for Economic Co-operation and Development) “... broadly
interpreted as any activity of economic or social value, including the service industry, regardless of
whether it is in the public or private sector” (OECD 2008, p.4) The term “industry” obvious-
ly refers to a diverse range of activities, producing goods and services. Under constraints
such as time and money, these activities generally attempt to optimize limited-sometimes
scarce-resources, both material and intellectual. The overarching goal is to maximize ben-
efits for certain groups of people while, ideally, minimizing harm to other groups and the

natural environment.”

In this sense it can be said that although the denomination of Mathematical Engineering
fits better the proposed professional competences, it represents a strong anomaly as it is
the only Engineering discipline that references the instruments used, instead of the spe-

cific area of developed activity.

However, it can be good reasons to keep, in some countries at least, the designation of Math-
ematical Engineering. In the economic activity sectors, the applied mathematician com-
petes with disadvantage with classical engineers limiting them to a role of subordination
and support to those engineers. This unfavourable competition occurs just from the en-
trance of the students in degree studies. At least in Spain, there is a very strong social pres-
sure for qualified students in mathematics to choose classical engineering degrees. There
are indications that Mathematical Engineering can change somewhat this situation as it is
observed with the experience of the Mathematical Engineering degree offered, for instance,
by the Polytechnic of Milano and the more recent one of the Complutense University of
Madrid.

Leaving aside, for the moment, the issue of the denomination, the question is if these pro-
posals are directly focused to the development of a professional profile with features clearly
differentiated from other previously existing. As it has been already said, the answer is not
clearly affirmative, even under the same denomination. In order to illustrate this issue, and
without wanting to be comprehensive, we expose the content and main characteristics of
three Spanish Master Degree Programmes in Mathematical Engineering offered at present
by the Carlos III University of Madrid (UCIIIM), the Santiago de Compostela University
in cooperation with the Corufia and Vigo Universities (USC-UDC-UVIGO) and the Com-
plutense University of Madrid (UCM), respectively.

Although, the general aim of these three Masters is to develop mathematical, statistical and

computational skills to solve technologic o scientific problems in business and industry and
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other related task with focus on competencies as modelling, programming and simulation
as well as ability to handle huge amounts of data by integrating mathematical, numerical
and statistical methods, we have found different results when trying to reach the declared

goals.

First, the durations of the Master Programmes are different; ranging from the UCIIIM
Master, which is spread over two years and covers a total of 120 ECTS (European Credit
Transfer System) to the UCM Master with 60 ETCS in total (and till 6o ECTS as previous
complementary formation depending of the background of the entering students), corre-

sponding to a year study. On the other hand, in the USC Master are required courses up to
9o ETCS.

A more detailed analysis of the course content will offer us deeper information about the
differences in the knowledge of the mathematical contents and practical competences that
these Masters provide to students, and make us to easily identify the core mathematics cur-
riculum needed to achieve the goal of providing qualified students with extensive, detailed
knowledge of the theory and methods combined with a high level of practical competence

in Mathematical Engineering.

It must be said that all the used information about the Masters on Mathematical Engineer-
ing has been obtained from the web pages. It is assumed that all the essential characteris-

tics, in order to interest to potential students, are reflected on them.

Master in Mathematical Engineering UGHIM

The information about this master is extracted from its web page:
http://www.uczm.es/portal/page/portal /postgrado_mast_doct/masters/math_engineering
PRESENTATION

The evolution of technology and applied sciences conveys the need for a flexible and multi-

disciplinary education.

The Master in Mathematical Engineering offered by Universidad Carlos III de Madrid aims
to provide students with the necessary tools to face technological or scientific problems by

means of:
Sound mathematical, physical and statistical foundations

Mathematical modelling
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Analysis and numerical solution of models
Validation of models and results
Aivs

The Programme aims to gain the adequate tools in a Graduate degree referring to acquisi-
tion, integration and communication of the knowledge obtained, development of skills in

solving problems and introduction to research.

Obtaining the Master degree endows the student to know the most advanced computer sci-
ence tools (software) in the field of Applied Mathematics and Statistics. These tools are use-
ful to deal with problems and simulation of sceneries to evaluate the different methods and

techniques acquired.

The Master qualifies for admission to the PhD Programme and is divided in two academic
years with 60 ECTS each. Each branch has a different structure of compulsory and elective
subjects. The Research project/Master Thesis can have also a different number of ECTS

ranging from 18 to 30 ECTS.
The UCIIIM Master appears split from the beginning into fourth separated branches:
« Statistical Sciences and Techniques,
« Mathematical Foundations in Engineering,
« Fluid Mechanics, and
« Modelling and Numerical Simulation.
The corresponding courses offered in each branch are:
STATISTICAL SCIENCES AND TECHNIQUES

1st semester—Preparatory courses on Mathematics, Statistics, Matlab and R language and
Compulsory courses on Numerical Methods, Advances Methods in Matrix Analysis and

Statistics.

2nd semester—Compulsory courses on Regression Analysis, Operational Research, Numeri-

cal Linear Algebra, Stochastic Processes and Time Series.

3rd semester—Compulsory course on Optimization and Elective courses on Multivariate
Analysis, Mathematical Statistics and Advanced Techniques in Multivariate Statistics (Neu-
ral Networks).
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4th semester—Elective courses on Topics in Advanced Statistics or Bayesian Inference.
MATHEMATICAL FOUNDATIONS IN ENGINEERING

1st semester—Compulsory course on Numerical Methods and Eligible courses on Partial
Differential Equations, Dynamic Systems and Bifurcations, Advances Methods in Matrix
Analysis, Methods in Real Analysis with applications, Introduction to wavelets with appli-

cations, Statistical Mechanics and Introduction to Complexity Sciences.

2nd semester—Compulsory course on Numerical Methods in Linear Algebra and Eligible
courses on Applied Harmonic Analysis, Advanced Complex Analysis and Transformed
Theory, Mechanical Advanced Elements, Special Functions with Applications, Optimal and
Adaptive Filtering, Interdisciplinary Applications of Statistical Mechanics and Advanced

Complex Systems.

3rd semester—Elective courses on Approximation Theory with Applications, Asymptotic for

Parabolic Equations, Mathematical Information Theory and Econophysics.

4th semester—Elective courses on Geometric Theory of Functions, Orthogonal Polynomials
and Special Functions for Engineering, Complex Analysis and Operator Theory for Engi-
neering, Iterative Advanced Methods for Signal Processing, Mathematical Aspects in Sam-
pling Theory and Signal Processing, Hamiltonian Systems, Numerical Methods for Geom-
etry and Topology, Mathematical Methods for Control Theory and Robotics and Dynamics

of Evolution.
Fruip MECHANICS

1st semester—Compulsory courses on Numerical Methods for Ordinary Differential Equa-

tions, Singular Perturbations, and Fluid Mechanics.

2nd semester—Compulsory courses on Numerical methods for partial differential equations,
Hydrodynamic Stability and Introduction to Turbulence, Singular Perturbations, Fluid Me-
chanics, Heat and Mass Transfer and Eligible course on Experimental Methods in Fluid

Mechanics or Nonlinear Dynamical Systems and Chaos.

3rd semester—Elective courses on Computational Fluid Dynamics, Numerical Methods for

Conservation Laws, Finite and boundary elements Spectral methods.

4th semester—Elective courses on Modelling in Science and Industry, Advanced Topics in

Fluids Mechanics and Combustion.
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MODELLING AND NUMERICAL SIMULATION
1st semester—urbations, Modelling with Partial differential equations and Fluid Mechanics.

2nd semester—Compulsory course on Numerical methods for partial differential equations
and Elective courses on Quantum physics and solid state physics, Nonlinear dynamics and
bifurcations in extended systems, Nonlinear dynamical systems and chaos and Inverse

Problems and Imaging.

3rd semester—Elective courses on Numerical Methods for conservation Laws, Stochastic Nu-
merical Methods, Finite and boundary elements, Spectral methods, Boltzmann Equation
with Applications, Electronic Transport in Micro and Nanostructures and Astrodynamics

and Space Geodesy.

4th semester—Elective courses on Modelling in Science and Industry, Advanced Statistical

Physics and Advanced Numerical Seminar.

Master in Mathematical Engineering USC-UDC-UVIGO
The information about this master is extracted from its webpage:
http://www.dma.uvigo.es/MASTER/cursoog1o/index.php

The Master of the USC-UDC-UVIGO on Mathematical Engineering is divided in three se-
mesters with 6 blocks to cover a total of go ECTS. Five blocks (Mathematical Models, Equa-
tions, Numerical Methods, Computing and Numerical Simulation) in the first year with 5
compulsory courses and 26 elective subjects. The sixth block corresponds to the third se-

mester and it includes a Workshop on Industrial Problems and a Master Thesis of 18 ECTS.

The aim of this Master is to form technical specialists in modelling and numerical simula-
tions of business and industry process with focus in the use of Professional Software, with-

out forgetting the educational background in numerical methods and equations.
Specifically, the structure of the programme tries to cover the following aims:

« To know and to understand the problems that arise in the Engineering and in the Ap-

plied Sciences areas as a beginning point for a suitable mathematical modelling.

« To be able to determine if the model of a process is well set out and formulate it math-

ematically in a functional suitable frame.

« To be able to select the best numerical technologies to solve a mathematical model.
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« To know and use the professional software tools most used in the industry and in the

company for the simulation of processes.

« To acquire skills to integrate the knowledge of the previous points appointed numeri-
cal simulation of processes or devices arisen in the industry or in the company in gen-
eral, and to be capable of developing new software applications of numerical simula-

tion.

« To acquire skills of learning those allow them to join teams of I+D+i of the business

world.
The courses offered in the USC-UDC-UVIGO Master are:

Brock I: MATHEMATICAL MopELs—Compulsory course on Mathematical Models on Mechan-
ics of Continuous Media, and Electives courses on Mathematical Models in the following
topics: Finances, Fluid Mechanics, Solid Mechanics, Electromagnetism and Optics, Acous-

tic or Environmental Sciences.

Brock II: EQuaTtions—Compulsory course on Partial Differential Equations and Eligible
courses on System Control and Optimization and Advanced Topics in Partial Differential

Equations

Brock III: NumericAL METHODS—Compulsory courses on Numerical Methods and Finite El-
ements and Eligible courses on Numerical Methods for Optimization, Finite Differences,
Finite Volume Methods, Advanced Topics in Numerical Methods and Advanced Topics in

Finite Elements

Brock IV: Computing—Compulsory course on Programming Languages and Systems and
Eligible courses on Parallel Computing, Computer Architecture and Operative Systems,
Computer Networks, Distributed Computing and Advanced Topics in Programming Lan-

guages and Systems

Brock V: NumericaL SivuraTioN—Eligible courses on Computer Aided Design (CAD) and
on Professional Software in the following topics: Fluid Mechanics, Solid Mechanics, Elec-

tromagnetism and Optics or Acoustic

Brock VI: Project—Including courses on Software Engineering and Project Methodology,

modelling activities in a Workshop on Industrial Problems and a Master Thesis.

Master in Mathematical Engineering UCM

The information about this master is extracted from its webpage:

http://www.mat.ucm.es/mambo/estatico/titul/pop/ingemat/
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The objective of the UCM Master in Mathematical Engineering is to produce professionals
with broad based problem-solving skills that can be used in the industrial, services or pub-
lic sectors, using the language and tools of mathematics and other related areas. Graduates
will be proficient in the main techniques and tools for analyzing, modelling, solving and
optimizing a great variety of problems and systems with the required skill, knowledge and
experience. The methodological approach is the degree’s most important feature: it seeks
to develop the concept of engineering in the field of mathematics, focusing mainly on prob-

lem modelling and solving, and case studies.

The Master Structure is flexible with a minimum of 60 ECTS to a maximum of 120 ECTS
according to the applicant’s previous mathematical learning and it is divided in a First and
a Second level. The Programme Coordination Committee will decide if student direct en-
try into Level 2 is possible, or if the applicant has to register (fully or partially) for one of
the two following options of a First Level: option A up to 60 ECTS of second cycle modules
from the degrees of Mathematics or Statistical Science and Technology or option B which
includes a Refresher/Adaptation course, including up to 12 ECTS in: Numerical linear al-
gebra (Matlab), Mathematical analysis and ODEs, Probabilities and statistics and Program-
ming languages (FORTRAN and C). The Second Level consists of 6o ECTS (Compulsory
modules: 42 ECTS, Optional modules: 9 ECTS and Placement or Research Project: 6 ECTS
and Modelling Week: 3 ECTS).

Compulsory courses are: Databases, Applied Statistics and Data Mining, Numerical Meth-
ods, Modelling and Dynamic Systems, Optimization and Simulation and Introduction to

Financial Mathematics, Placement or Project and Modelling Week.

The optative courses offered are Signal Theory, Artificial Vision, Cryptography, Java and
Web Services, Advanced topics on Java and Web Services, Mathematical Models for Food
Technology, Modelling of Deformable Mediums for Industrial Processes, Stochastic Calcu-
lus and its Applications, Applications of Computational Algebra in Artificial Intelligence,
Interest Rates, Introduction to Financial Risk Management, Numerical Methods for Fi-
nance, Numerical simulation in paralel computing, Optimization in Orbital Control, Geo-
detic Networks and GPS and Analysis and Inversion of Gravimetric Data. This offer of op-

tative courses can change from year to year.
Comparative analysis

After exploring the details of these Programmes, it is obvious that curricular issues are dif-

ferent in some aspects described in what follows:
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First at all, a general distinction can be made into Master Programmes orientated to
one specific field, let us say, for example to Econo-Mathematics or Techno-Mathemat-
ics, as UCIIIM, and, on the other hand, with a more global orientation as the UCM

Master Programme.

Although it is not excluded an academic or professional goal, the UCIIIM and USC-
UC-UCVIGO Masters are considered as Research Masters and, therefore, linked to
a Ph.D. programme. On the other hand, the UCM Master programme is seen, as a
whole, as a professional Master programme. This distinction is crucial since these
goals could mark differences between the contents and the skills required in order to

obtain them.

The structure and contents of the Masters also stablish importat differences between
them. On one hand, the MUSC-UC-UVIGO Master presents a classical offer in In-
dustrial Mathematics that is supported by an excellent research group in the field. On
the other hand, the UCIIIM Master, since it lacks a common part, is actually a group
of four Masters. Finally, the UCM Master contains an important common part, which
helps to ensure almost identical competences between the students. It deepens less
in a particular area, but it tries to get the students adapted easily to different profes-

sional challenges.

The contents do not completely determine the competences attained in a Master’s de-
gree, since the methodology is especially relevant when we try professional training.
Only the UCM Master refers explicitly to a learning methodology based on case stud-
ies and on experience modelling and solving real problems but some activities devel-

oped in the other masters could be based in the same methodology.

The duration of the bachelor degrees in Spain affects in an important way to the Mas-
ter degree offers. After a four-year degree, to complete a training period equally in
ECTS to those offered in other European countries, it is only necessary a year Mas-
ter’s degree of 60 ECTS. However, this approach makes difficult the harmonization
between Spanish Masters and European Masters without penalising the Spanish stu-
dents with an extra year or without declining the possibility to join the Spanish mas-
ters to other European students. The disparity of proposals regarding the duration
of the three studied masters faithfully reflect this situation. Particularly complicated
could be adapting them to the general guidelines that are being discussed within the
ECMI orientated to a proposal of European Master on Industrial Mathematics. For
instance, the duration of the Master Thesis of the UCM Master is very far away from

the mentioned guidelines.
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« About the employment factor, there are also differences between them. Due to the
current situation in the Spain industrial activities, it is hard to obtain permanent posi-
tions for the students with the mentioned profiles. Actually, for certain singular prob-
lems a consultant is hired, whose survival will depend on the continuous realization
of projects. In this type of consulting highly specialized professionals could be need-
ed, professional with an excellent mathematical background to tackle highly complex
problems. On the other hand, if what we want is to train people to make them have a
strong quantitative profile in several different areas and with experience in adaptation
to others, it might be needed a more transversal orientation towards problem solving.
It is predictable that in the near future we will be having a higher number of compa-
nies interested in this last type of professional, a kind of quantitative engineer since

they are used to work on different areas.

Finally, and in view of dispersion and variety of training proposals that have illustrated,
would be worthy to define at European level a versatile professional profile in the field of
mathematics with a broad orientation to employment in industry, business and manage-
ment having engineer’s own competences and requirements? I.e. would be worthy to for-
mally create the figure of Mathematical Engineer? We think that any proposal on this figure
must take into account the main characteristics of an engineer training. Next section tran-

scribes a proposal of those characteristics.

The Skills, Attributes and Qualities of an Engineer

Among a great variety of proposal addressing this issue we think that the work of Maddocks
et al., 2002, represents very well most of them. In that work, the Subject Benchmark state-
ment for engineering details skills, attributes and qualities that are thought necessary to
enable the engineer to practice effectively in a professional manner. It is expected that an
engineering degree programme will foster, develop and inculcate such attributes, skills and
qualities. These attributes, skills and qualities are listed in the Subject Benchmark State-
ment under five headings. The demonstration of Skills / Attributes / Qualities in each one

of them is the following:
KNOWLEDGE AND UNDERSTANDING
A Graduating Engineer should be able to demonstrate:

« Specialist (Discipline) knowledge
« Understanding of external constraints

« Business and Management techniques
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« Understanding of professional and ethical responsibilities
« Understanding of the impact of engineering solutions on society

« Awareness of relevant contemporary issues
INTELLECTUAL ABILITIES
A Graduating Engineer should be able to demonstrate:

« The ability to solve engineering problems, design systems etc. through creative and

innovative thinking
« The ability to apply mathematical, scientific and technological tools

« The ability to analyse and interpret data and, when necessary, design experiments to

gain new data

« The ability to maintain a sound theoretical approach in enabling the introduction of

new technology

« The ability to apply professional judgement, balancing issues of costs, benefits, safety,
quality, etc.

« The ability to assess and manage risks
PRACTICAL SKILLS
A Graduating Engineer should be able to:

« Use a wide range of tools, techniques, and equipment (including software) appropri-

ate to their specific discipline
« Use laboratory and workshop equipment to generate valuable data

« Develop, promote and apply safe systems of work
GENERAL TRANSFERABLE SKILLS
A Graduating Engineer should be able to:

« Communicate effectively, using both written and oral methods
« Use Information Technology effectively

« Manage resources and time

« Work in a multi-disciplinary team

« Undertake lifelong learning for continuing professional development
QUALITIES.

A Graduating Engineer should be:
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« Creative, particularly in the design process

« Analytical in the formulation and solutions of problems
« Innovative, in the solution of engineering problems

« Self-motivated,

« Independent of mind, with intellectual integrity, particularly in respect of ethical is-

sues

« Enthusiastic, in the application of their knowledge, understanding and skills in pur-

suit of the practice of engineering
The full Benchmark Statement is available at
http://www.qaa.ac.uk/crntwork/benchmark/engineering.pdf

As a conclusion, we think that is worth to propose the professional profile of a Mathemati-
cal Engineer. The training process of such a professional must take into account an appro-
priate balance between Mathematics, modelling activities coupled with another discipline
such as Statistics or Physics with the aim to develop knowledge, understanding and experi-
ence of the theory, practice and application of selected areas of Mathematics but also includ-
ing Statistics and Operations Research and learning mathematics not only in mathematics
courses but including context-based mathematics courses in other disciplines that employ
significant mathematical methods so that students will be able to use this skills and tech-
niques of these areas to solve problems both of a routine and of a less obvious nature arising
in industry, commerce and the public sector and they could function comfortably in work
situations that require quantitative and analytical skills to solve more general mathemati-
cal problem. But we think that in order to define the professional profile of the Mathemati-
cal Engineer, these specific requirements must be developed under a learning methodology
that guaranties the acquisition of the Skills, Attributes and Qualities of an Engineer that we

have considered above.
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Methodological reflections on capturing the mathematical
expertise of engineers

Presenting author BURKHARD ALPERS
HTW Aalen (Aalen University of Applies Sciences), Germany

Abstract For providing a mathematical education of engineering students which is

relevant for their later work as engineers, one needs studies that try to cap-

ture the mathematical expertise of engineers. There are only a few studies

of this kind because they are not easy to conduct. In this contribution we de-

scribe and discuss the methods applied in the available studies. We present

general problems and methods from qualitative research which were used.

We distinguish between approaches observing engineering students and
those that deal with real workplaces, and discuss risks and advantages. It

is the intention of this contribution to provide the basis for a discussion on

how one can appropriately investigate the mathematical expertise of engi-

neers.
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Introduction and general remarks

In order to provide a mathematical education of engineers which is not restricted to the ac-
ademic realm but also useful in later practical work, it is necessary to investigate the math-
ematical expertise an engineer still needs in his/her daily life. Although there are quite a
few studies on the use of mathematical thinking at workplaces, most of these are concerned
with non-academic workplaces. One major obstacle for conducting such studies might be
that it is not easy for didactical researchers to become familiar with engineering work with-
in a reasonable timeframe. The studies performed so far (as to the knowledge of the author)
can be found in (Alpers, 2006-2009), (Cardella/Atman, 2005, 2007), (Cardella, 2009),
(Gainsburg, 20006, 2007) and (Kent/Noss, 2002). In this contribution, we intend to present
and discuss the advantages and risks of the methods applied in these studies in order to
provide a basis for further studies which are urgently needed to get a “broader picture”. We
grouped the studies according to whether investigations were made with students (next sec-
tion) or with real engineers (third section). Finally, we discuss what might be used in future
studies and how the results could inform the mathematical education of engineers. We do

not present the results of the respective studies (a summary can be found in Alpers, 2009b).

We start with some general remarks and problem statements which are important for in-
vestigating the mathematical expertise of engineers. The first problem is concerned with
the fact that there is nothing like “the” engineer. There are different branches of engineer-
ing (e.g. civil, mechanical, electronical engineering) and within these branches there are
again various job profiles (e.g. computational engineering, design, sales). In order to avoid
inadequate generalizations, any study has to make clear which branch of engineering and
which job profile is considered. In (Kent/Noss, 2002) e.g., the authors identified different
job profiles in civil engineering by discussing these with managers and then decided to con-
centrate on structural engineers. In (Alpers, 2006-2009) the study is restricted to prac-
tice-oriented mechanical engineers who are graduates of universities of applied studies and
who usually work in design or test department but not in computational departments or at
the forefront of R&D. An identification of different job profiles is also helpful for investi-
gating the interfaces between engineers. This is important for investigating the necessary
understanding “beyond” interfaces, e.g. the understanding of what kind of results compu-

tational engineers can deliver.

The methods applied come from qualitative research, mostly based on the “grounded theo-

ry” by Glaser, Strauss and Corbin (see Flick, 2005):

« PARTICIPATING OBSERVATION: Zevenbergen (2000) distinguishes between a “hard-core”

version where the researcher participates in the working process for a longer period
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of time, and a “soft-core” version which is restricted to several shorter observations.
The soft-core one is the more realistic one. When it comes to engineering it is even
questionable in how far a researcher is able to participate. The observations are re-
corded electronically or by notes taken by the researcher. This approach is also known

as “ethnographical” research.

« INTERVIEWS: By interviewing people working on tasks one can get a better understand-
ing of what they do and why they do it in the way observed. Impressions and hypoth-

eses stemming from former observations can be checked.

« INVESTIGATION OF TOOLS AND ARTEFACTS: Work is often mediated by tools like computa-
tional programs, and many computations are hidden within tools. An investigation
of tool usage is necessary to obtain information on what mathematical knowledge is
still required for reasonable use. Artefacts also include guidelines or conventions the

work is based upon.

Based on observations, interviews and tool usage investigations, researchers try to develop
interpretation categories and hypotheses. Zevenbergen (2000) distinguishes between re-
search work that mainly tries to detect school mathematics in work places, and real ethno-
graphical studies which try to capture the understanding of workers and their construction
of mathematical meaning and understanding. The latter also search for hidden or embed-
ded mathematics and for mathematisable activities. She criticizes the former approach as
too restricted. On the other hand, Gainsburg (2005) states that for informing mathemati-
cal education it is quite worthwhile to gain information on the usage of mathematical con-
cepts taught in schools. The same could be said for the use of university mathematics in
engineering environments. We discuss this question in the next section when describing

the investigation frameworks of studies observing engineering students.

Observing students working on tasks

The studies performed by Cardella/Atman (2005, 2007), Cardella (2009) and Alpers
(2006-2009) are not based on observations of the work of real engineers but are concerned
with how engineering students work on engineering tasks. In the sequel, we will describe

their methods in more detail and discuss the benefits and pitfalls.

Cardella and Atman observed industrial management students working on their capstone
project (large application-oriented final project). Having an education in industrial engi-
neering themselves certainly facilitated the investigation of such a group. Furthermore,
they conducted interviews with four engineering students from other areas. They segment-

ed, grouped and coded their observation and interview notes using qualitative methods,
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and then mapped their results onto the categories of mathematical thinking developed by
Schoenfeld (1992). These categories are the following: knowledge base; problem solving
strategies; effective use of resources; beliefs and affects; mathematical practices. Some of
the categories like problem solving strategies are quite general and might also be consid-
ered as categories belonging to other fields of engineering education like physics or engi-
neering mechanics. In another study (Cardella/Atman 2007), Cardella also observed 50
engineering student when working on a project task for three hours, and four mechanical
engineering master students working on a project that was concerned with designing a mo-
bile compressor unit for dentists. The methods of investigation were the same as in previ-

ous studies. She also looked specifically for modeling activities.

The author identified together with a colleague who worked in the car industry for several
years, “typical” tasks for a practice-oriented mechanical engineer (a graduate of a univer-
sity of applied sciences). Since the author is a lecturer for mathematics in the department
of mechanical engineering and is also involved in developing engineering guidelines for
mechanisms with the German Association of Engineers (VDI), a certain understanding of
the work of mechanical engineers helped in understanding the tasks. Two students in their
last (8.) semester worked on each task for 100 hours (being paid). The colleague involved
acted as mentor (playing the role of a group leader in industry). The students had access to
industry strength programs (like CAD, FEM, mechanism analysis tools, machine element
dimensioning tools) which are also used in the university education. The students were
asked to make notes on their work, problems and thinking processes. They delivered these
notes and the files they produced when using the programs to the author who investigated
the notes in order to understand the mathematical thinking involved and also to get a deep-
er understanding of the task. Based on these investigations the students were interviewed
to clarify questions and to demonstrate the tool usage. These interviews were audio-taped
and the demonstrations were screen recorded. This allowed for later investigation and own
trials with the software which was also available to the author. The author often used the
opportunity to ask the students and the colleague to clarify questions that came up later in

the investigation process.

When interpreting the material and the tool usage the investigation of the author was guid-
ed by the following questions formulated in advance (these were partially based on the work

of Kent/Noss (2002) described in the next section):

« Which visible mathematical concepts and procedures were used? Is there a difference

between their usage in practical tasks and in mathematical education?
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What is the relationship between intuition, work in coarse models and work in more
detailed models? Where in the spectrum from qualitative to quantitative thinking can

the work be located?

Are there mathematical concepts hidden or embedded in application contexts? Which
kind of mathematical understanding is necessary to work effectively and efficiently in
the contexts, i.e. to solve the problems? Would an explicit mathematisation improve

efficiency, i.e. by reduction of trials?

Are there any guidelines or design rules that are applied instead of performing own

calculations?

Which cognitive models are required for making reasonable use of the software?
Which objects are visible at the interface (“boundary objects” after Kent/Noss, 2002)?
Which mathematical competencies are required or at least helpful when operating at
the interface? What is the role of goal oriented experimentation when solving prob-

lems and for understanding the role of model parameters?

What is the role of mathematical concepts when interpreting the program output and

checking whether it makes sense?

Which knowledge is important beyond using the software programs (knowledge on

material properties, production processes, availability, costs etc.)?

Are there any problem situations where the “usual” procedures (guidelines, proce-
dures from books etc.) do not work any longer for fulfilling the requirements (“break-
down situations” after Kent, Noss 2002)? Would a more mathematical approach be

helpful in overcoming the problem situation?

Which further computational tasks would be transferred to a computational depart-

ment and what would the interface to such a department look like?

In the sequel we state potential problems and benefits of the above approaches:

UNREALISTIC CIRCUMSTANCES: The investigation of student work has principle restric-
tions since there are no real customers and there is no time pressure which is nor-
mal for engineers working in industry. Moreover, the students were not part of an or-
ganizational structure. In the study of Cardella, the students worked in project teams
which might resemble teams in industry whereas in the study by the author the stu-
dents mainly worked as individuals. The colleague involved acted as sort of a group

leader in industry.
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« ENGAGEMENT OF STUDENTS: It might be questioned whether students are as engaged as
real engineers who earn their money by their work. The author chose very engaged
students for working on the task and Cardella/Atman observed students working
on their capstone projects which are quite important to the students as final major

projects.

« CHoICE oF TAsk: It is quite important to identify tasks which resemble those occurring
in real industry and which can be treated without having an embedding into larger
projects. In the study by the author, the colleague involved played a very important
role because it was up to him to judge on the authenticity of the task. He also could
give the students background information when necessary. In the work of Cardella
the task concerning the capstone project for industrial engineering students came

from an industrial partner, such that it was also based on a real problem.

« REPRESENTATIVENESS OF TAsks: It is clear that one task cannot be representative for the
whole spectrum of tasks in a certain engineering branch or for a certain job profile.
In the study by the author, four different tasks were taken from various areas (design,
mechanisms, machine element dimensioning, test and data processing) but it cannot

be claimed that this covers the whole range of tasks for a practice-oriented engineer.

« REPRESENTATIVENESS OF STUDENTS: It is clear that the work of a student cannot be repre-
sentative for the work of senior engineers but students in their final semester can be
considered as being similar to junior engineers. In the study by the author, the col-
league involved was questioned whether or not particularly interesting parts of the
students’ work were due to the specific project situation or could also be found in real

industry workplaces.

The main advantage of the approach where students are observed consists of the possibility
of deep probing. The time of the students is not subject to strong restrictions as is often the
case with real engineers. The author had several discussions with the students and was able
to clarify questions several weeks after they had finished their work. The students spent quite
some time demonstrating their tool usage and explaining their thinking. Since the author
is not an engineer, it was often necessary to pose questions in order to get a better under-
standing. The colleague involved could also be questioned, particularly concerning the ques-
tion when and under which circumstances a more mathematical approach including deeper

quantitative modeling might have been indicated in order to improve results.

As stated above, Zevenbergen (2000) criticised the approaches where researchers looked

mainly for the usage of mathematical concepts treated in schools. One could argue that the
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same might hold with respect to the work by the author and Cardella. Since the catalogue of
questions set up by the author and the categories of mathematical thinking used by Cardel-
la are very broad including questions on potential additional mathematisations, the risk of

having too restricted a perspective seems to be small.

Observing real work places

In the studies by Kent/Noss (2002) and Gainsburg (2005-07), real workplaces of civil en-
gineers were observed. Kent and Noss started with a document analysis (literature on en-
gineering mathematics and on design activities) and a review of the software used by civil
engineers in order to obtain a “first” understanding. One certainly cannot expect to under-
stand the real work of civil engineers based on a short period of document analysis but it
helped to formulate questions and interpret the answers in subsequent interviews with
managers and engineers. In these interviews engineers brought with them working docu-
ments and sometimes also demonstrated software usage. The interviews were recorded and
transcribed. Furthermore, Kent and Noss studied records of project meetings, documents

produced by engineers, and e-mail sequences of cooperating engineers.

Kent and Noss used the information obtained in first interviews to get an overview of the
job profiles which led them to concentrate themselves on structural engineers. They tried
to discover mathematical concepts used either overtly or hidden in application contexts.
Moreover, they identified a spectrum from qualitative-intuitive thinking to detailed quan-
titative work and used this to order and interpret their observations. They also recognized
that many computational aspects of the work were delegated to software, simplified by
coarse rules or guidelines or performed by specialized analysts (either internal or external).
An example for a interpretative category they formulated in their analysis is “understand-
ing through use” by which they mean that engineers gained an understanding not by hav-
ing a formal computational model but by developing rules of usage by observing the results

of variations.

The investigations by Gainsburg which are also concerned with civil engineers interpret the
engineering work from a modeling perspective. She distinguishes between three kinds of
corresponding activities: creation of new mathematical models for solving a problem; se-
lection and adaptation of existing and accepted models that are applied to real problems;
usage of situation-specific procedures and routines which avoid the usage of mathematical
models. Gainsburg conducted ethnographical studies in two civil engineering companies
where she observed structural engineers. She concentrated on four tasks comprising two to

eight days, a wide spectrum of quantitative problems, use of technology, and participation
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of a range of junior and senior engineers. Collected data consisted of observation notes, au-
dio recordings of discussions among engineers and between engineers and the investigator,
copies of artefacts (drawings, documents, computation sheets), written and oral answers of
engineers on questions of the investigator and 24 hours of interviews. Gainsburg worked
through the quantitative problems, tried to understand the thinking processes, the usage of
tools, and the actual usage of mathematics. The four cases were coded and themes and pat-
terns of mathematical practices were identified. Gainsburg found two specific challenges
in the engineering work she described as “understanding the phenomenon” and “keeping
track” (of the different level of models involved). She also investigated how engineers build
up expertise. Here, the categories of the modeling perspective were helpful. She identified
the development of a thorough understanding of models and their applicability as those
components of knowledge which can be reused in other situations and hence make up the
expertise of engineers. She also coined the notion of “engineering judgment” in order to
describe the components of engineering expertise which comprise mathematical and extra-
mathematical capabilities. Within this framework she identified a suitable attitude of engi-

neers towards mathematics which she describes as “skeptical reverence”.

The main advantage of both investigations is that authenticity is guaranteed by observing
real workplaces and real engineers working on real tasks. All the potential problems stated
above with respect to approaches observing just students are not present. Both investiga-
tions chose civil engineers. This branch of engineering is probably the one that can be best
understood within a shorter timeframe by non-engineers because everyone has a basic un-
derstanding of buildings and can imagine potential problems like stability. This way, the
researchers were able to overcome the principle problem of such a direct observation of un-

familiar workplaces.
In the sequel we discuss some potential problems with investigating workplaces directly:

« UNDERSTANDING THE WORK PROCESSES: Very often engineers have very little time for their
projects, and even more for an external researcher who has a lot of questions to get a
better understanding of the technical problems, challenges and potential alternatives
by applying a more mathematical approach. Gainsburg states that she had 24 hours of
interview material, so in her study the engineers seemed to be quite willing to spend
their time with the researcher but in other companies this could constitute a serious
problem. When performing the study with students, the author made the experience
that his understanding grew bit by bit, so he had to question the students and the col-
league and students over and over again which is also more problematic in a real in-
dustrial setting. There is also a danger that a researcher restricts his investigation to

those parts which he is able to understand.
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« DETECTING OPPORTUNITIES FOR FURTHER MATHEMATISATION: This issue is strongly related
to the former one. If one does not want to restrict oneself to mere observations of
mathematical thinking but also wants to investigate where a more mathematical ap-
proach might have made work more efficient and effective, one needs a very good un-
derstanding of the problems discussed in a company. For non-academic workplaces
Noss and others looked for the potential benefits of using more mathematics in what
they called “breakdown situations” where the normal routine did not work any longer.
Gainsburg encountered such a situation in her studies when there were two differ-
ent approaches to compute the propagation of forces in a building which were both
unsatisfactory, and the discussion between engineers ended up with the decision to
adopt the one that was well established in civil engineering. For the author who is not
a civil engineer it is not clear whether a better understanding of the mathematics of
both approaches would have led to a quicker and better solution but this would be in-

teresting for detecting the potential of better mathematical understanding.

« REPRESENTATIVENESS OF COMPANIES AND TAsks: When visiting workplaces for some time,
one can just choose a few companies and departments within companies. Hence, it
is questionable in how far the findings can be generalized for a certain branch of en-
gineering. Therefore, it is necessary to discuss the findings with other engineers, and

— in the end — to conduct a variety of studies.

Further considerations

Although the above approaches have been discussed separately, this does not mean that just
one of them is adequate. As stated above, both have their benefits and pitfalls and both also
depend on the background of the researcher for being successful. Moreover, both can in-
form each other. The author found the results of Gainsburg and Kent/Noss very helpful for
interpreting the work of the students. Looking for interesting breakdown situations helps to
focus the attention when studying the material of the students. The results were also used
when setting up the research questions formulated in section 2. The other way around, a
study with students can also be a useful first stage before visiting companies. Hypotheses

generated in such pre-studies can be checked with real workplaces.

Studies on the mathematical expertise of engineers are usually performed with the inten-
tion to improve university education. Therefore, as Gainsburg (2005) already observed, it is
useful to relate the goals of mathematical education to the observations made in the study.
Cardella used Schoenfeld’s categories of mathematical thinking for her analysis which are

very general but it might also be worthwhile to use Niss’ (2003) mathematical competen-
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cies (and in particular those relating to modeling), adapted for the university level, for ana-
lyzing the mathematical parts of engineering work. This would be a refinement of Gains-

burg’s approach who already made her observations from a coarse modeling perspective.

In any case more studies of all kinds are indicated for corroborating hypotheses generated

so far and for gaining further insights.
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Mathematical Modelling in the Singapore Curriculum:
Opportunities and Challenges

Presenting author KenGg-CHENG ANG
National Institute of Education, Nanyang Technological University

Abstract In an educational system that is entrenched in traditional modes of lesson
delivery, it is likely that its school mathematics curriculum would also be tra-
ditional. Within such an environment, it would not be easy to make math-
ematical modelling a part of the mathematics curriculum. Using the Sin-
gapore school mathematics curriculum as a backdrop, we discuss the chal-
lenges faced by teachers, as well as opportunities made available to teachers
who wish to engage in mathematical modelling activities in the classroom.
Notwithstanding the fact that the Singapore mathematics curriculum has
undergone several major changes in recent years, it remains largely tradi-
tional in form and nature. This paper also discusses the various attempts
and efforts to promote the idea of mathematical modelling in schools and

among school teachers.
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Introduction

Mathematical modelling as a topic or a discipline provides an excellent interface between
the mathematics that can be taught in a classroom and the mathematics that can be applied
in the real world. Traditionally, school mathematics tends to emphasize acquisition of skills
and understanding of concepts in various topics or fields of mathematics, with occasional
mention of their utilitarian value in industries or connections to other disciplines. In fact,
all too often, mathematics has been perceived by many as a subject consisting of formulae,

theorems and proofs.

In the late 1980s, there was a shift in mathematics education towards making problem solv-
ing as a goal of learning mathematics. In Singapore, a new mathematics curriculum based
on a framework in which mathematical problem solving is the central theme was designed
and implemented in 1990 (Lim, 2002). The intention is to provide a suitable platform to
engage students in learning mathematics for the purpose of solving mathematical prob-
lems. Since then, the curriculum has undergone several changes; some of these are minor
refinements while others are major overhaul. The central theme, however, has remained
unchanged. The latest framework for the Singapore mathematics curriculum is shown in
Figure 1 (Ministry of Education, 2006a). Surrounding the central objective are five areas
that the curriculum strives to develop in the mathematics learner: Skills, Concepts, Proc-

esses, Attitudes and Metacognition.

This so-called “pentagonal framework” applies to Singapore’s school mathematics for all lev-
els (that is, from Year 1 to Year 12), and serves as the basis for designs of mathematics cur-
ricula at these levels. It should be noted that Singapore’s curricula for all subjects are con-
trolled by the Curriculum Planning and Development Division (CPDD), which is a division

of the Ministry of Education (MOE) of Singapore.

With mathematical problem solving as the central theme, it would be reasonable to expect
mathematical modelling to fit in naturally in the school mathematics curriculum. In prac-
tice, however, this is not so. It was only a few years ago that “Applications and Modelling”
was explicitly mentioned as one of the areas of development in the revised framework. Even
then, not much has changed in the syllabuses of all the mathematics subjects offered in
Singapore schools to promote or include mathematical modelling in the learning of math-

ematics.

It seems somewhat ironical that at the same time when an emphasis on mathematical
modelling was made, for some reason, the topic “Particle Mechanics” was removed from
the GCE “A” Level Mathematics, a subject offered by Pre-University students. One possible

reason could be the shift towards Statistics and the use of graphic calculators means that
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Figure 1—The Singapore Mathematics Framework.

something has to be deleted from the syllabus. Nonetheless, there appears to be a mismatch

between the intended curriculum and the implemented syllabus.

Mathematical Modelling in Singapore schools -Challenges

There are many factors that make it difficult or even unattractive for Singapore schools and
teachers to adopt mathematical modelling as an approach or a strategy in teaching mathe-

matics in a typical classroom. In this section, we examine some of these challenges.

The Teacher

In general, it is fair to say that a typical mathematics teacher in Singapore is competent
and hardworking. For a mathematics teacher, a typical lesson cycle would involve some les-
son planning, designing of worksheets, lesson delivery, giving in-class work and homework
problems, and so on. A typical teacher would have been trained to manage all these tasks
with some confidence. However, facilitating a mathematical modelling activity may be quite
different and may require a different set of skills and knowledge. In Singapore, teachers are
neither trained nor sufficiently exposed to such an approach of learning mathematics. More-
over, mathematical modelling is not listed as part of the scheme of work at any level. There

is, therefore, very little motivation for the teacher to engage in modelling activities.

Many Singapore mathematics teachers are highly dependent on textbooks and resource
books in planning and conducting their lessons. These resources, together with additional

worksheets, are often more than enough for the teacher to deliver the required syllabus and
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fulfil the curriculum. Without appropriate material and ideas, the teacher may not have the

capacity or knowledge to carry out good mathematical modelling activities.

While many school teachers in Singapore are university graduates, not many who have
been assigned to teach mathematics have had any experience in or exposure to mathe-
matical modelling. Even teachers who have a mathematics degree may not have heard of
mathematical modelling, much less acquired the thinking skills needed. It is therefore un-
derstandable if Singapore mathematics teachers feel unprepared and inadequate to teach

mathematical modelling in the classroom (Ang, 2001).

The nature of mathematical modelling requires one to be open and ready to accept multiple
solutions to a problem at times (Yanagimoto, 2005). Sometimes, a solution may not even
exist. It may require a significant change in the teachers’ mindsets for them to accept this
fact. Such a paradigm shift takes time and is not easy to achieve in an environment where
the teacher is often viewed as an authority of the subject knowledge. Moreover, the teacher

may not have the confidence to undertake or carry out tasks which are so open.

The Learner

In an examination obsessed environment like Singapore, many students are driven by as-
sessment. Assessment appears to be the main reason why students spend time on their
school work. There are on-going debates and arguments over whether the assessment sys-
tem in Singapore should be changed, or at least modified or refined. Nonetheless, it seems
that in the minds of many students, something is worth studying only if it is included in
the tests or examinations. In other words, if mathematical modelling does not form an as-
sessable component in the final test or examination, students may not be as motivated to
be engaged in it. Mathematical modelling is more than just problem solving and very often,
students must be prepared to share their experiences or communicate their products (Eng-
lish and Watters, 2004). This is quite a challenge for students in Singapore schools who
are known to be lacking in communication skills. Very often, modelling activities are also
social experiences requiring students to develop conjectures or manage conflicts, among
other things. These are areas which are new to Singapore mathematics students and will

take time for them to get used to.

Higher 3 (H3) Mathematics is a subject for Pre-University students. It has been offered as
a GCE 'A’ Level subject in Singapore since 20006, and is meant for students with a strong
aptitude for mathematics. In the current H3 Mathematics syllabus, the application of differ-
ential equations as mathematical models is explicitly mentioned. More specifically, the top-

ic includes mathematical models in population dynamics. The syllabus is intended to pro-
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vide students with the “opportunity to further develop their mathematical modelling and
reasoning skills” (Ministry of Education, 2006b). However, from the students’ perspective,
these “experiences” in mathematical modelling are neither authentic nor relevant. Very of-
ten, these experiences are reduced to typical assessment or textbook exercise items which

local students may not be able to relate to.

Promoting mathematical modelling

Despite all the challenges discussed in the preceding section, there is a sense of de-
termination amongst the local mathematics education community to step up efforts in
promoting the idea of teaching mathematical modelling within the confines of the current

mathematics curriculum. We discuss some of these efforts.

Resources

One of the challenges mathematics teachers face is the lack of good resources on mathe-
matical modelling activities or problems which they can use for their classroom. These
problems or activities should be manageable and something that students can understand
and undertake. In an effort to help fill the gap, local mathematics educators have made at-
tempts to produce relevant resources in the form of booklets (Dindyal 2009; Ang, 2009b).
These booklets contain many examples of mathematical modelling activities suitable for
students at different levels, and using a range of topics from the existing school mathemat-

ics curriculum.

In addition, teachers may also study exemplars of mathematical modelling problems which
are relevant to the local students. As an example, consider the case of an outbreak of the
disease, Severe Acute Respiratory Syndrome, or SARS in short. In 2003, Singapore was
inflicted with this deadly disease which spread quickly in a short period of time. Over the 70
days of outbreak, 31 lives were lost. A simple model for a SARS epidemic can be constructed
using the mathematics taught in H3 Mathematics. In particular, a model using the logistic
equation can be constructed (Figure 2). This may be further refined using a “double logis-
tic” curve (Ang, 2004). This example provides a relevant context for students to discuss the

model and experience the process of mathematical modelling.

When this idea was shared with a group of H3 Mathematics teachers at a recent workshop,
they all agreed that they need more exemplars of this nature. More examples of mathemati-
cal modelling activities specifically targeted at local teachers have also been published (see,

for example, Ang and Neo, 2005; Ang, 2000; Ang 2009a).
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Figure 2—A simple logistic model for a SARS outbreak (Ang, 2004).

Singapore International Mathematics Challenge

The inaugural Singapore International Modelling Challenge (SIMC) was held in May 2008.
A total of 208 mathematics students and mathematics educators from 26 institutions in
twelve countries participated in this event. This biennial event distinguished itself from the
well known Mathematics Olympiad as its focus is on mathematical modelling and applica-
tions of mathematics to solve real world problems. In this event, students were given two
challenges, known as a “pre-site challenge” and an “on-site challenge”. The problem for the

“pre-site challenge” for SIMC 2008 is shown below.

Each week, a glass manufacturing company constructs small rectangular windows by
cutting one large 5 metre by 5 metre sheet of glass. The company gets orders for sev-
eral rectangular window pieces of varying widths and heights. When the glass cutting
gets done, there is typically some waste incurred in the large sheet which the compa-
ny is forced to throw away. The company wants to minimize the wasted left-over glass
in the large sheet while fulfilling the demands as much as possible. Develop an algo-
rithm to minimize the wasted left-over glass or alternatively maximize the used glass
in the large sheet. Your algorithm should provide a positioning of the smaller rectan-
gular windows that will be cut on the larger sheet while taking care that the problem
should be solvable in a reasonable amount of time. Provide a detailed evaluation of

the performance of your algorithm on several data instances. A sample data instance
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Piece Width (mm) Height (mm) Orders 1 111 11 111 1 11 | 11 | 11 |
1 160 875 20
2 208 134 30 12 12 12 12 12
3 213 684 50
4 268 745 60 12 12 12 12 12
5 305 416 100
6 412 727 100
7 499 439 100 12 12 12 12 12
8 576 371 50
9 629 840 50 12 12 12 12 12
10 630 608 50
11 644 214 50
12 789 991 100 12 12 12 12 12
13 934 440 30
t %61 321 >0 12 12 12 12 12
15 971 768 50
Possible cutting pattern with 2.3133% wastage
Figure 3.

with a possible cutting pattern (not necessarily the best) is indicated below.

[For graphical covenience the image following the preceeding text is in figure 3.]

Programmes for Teachers

To further expose teachers to the idea of mathematical modelling and raise their awareness
of this approach of teaching mathematics, the local community of mathematics educators
has planned special programmes for teachers in recent months, and will be planning more

activities in the coming year. A few of these are listed below.

Mathematics Teachers Conference

The theme of the Mathematics Teachers Conference 2009 (held at the National Institute of
Education) was “Mathematical Applications and Modelling”. Invited speakers for this con-
ference include Professor Gabrille Kaiser (University of Hamburg, Germany) and Dr Glo-
ria Stillman (University of Melbourne, Australia). Close to one thousand local teachers par-

ticipated in this one-day conference, which feature talks and workshops.

Feedback from participants was collected. While talks and workshops in this conference
managed to serve their purpose of raising teachers’ awareness on mathematical model-
ling, it will probably take some time before their level of confidence and competence can

be raised.
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Workshops

In view of the fact that many teachers still do not have a clear idea of what mathematical
modelling is all about, the CPDD plans to address this problem by running workshops on
mathematical modelling in the near future. These workshops will acquaint teachers with
the basic processes involved in mathematical modelling and provide ideas for teachers to

try some activities with their students.

Mathematical Modelling Outreach

The Mathematics and Mathematics Education (MME) academic group of the National In-
stitute of Education (NIE) will be organising an event called “Mathematical Modelling Out-
reach” (or MM Outreach) in June 2010. This event is focussed on mathematical modelling
and is not a competition. Schools will be invited to send a few students each to participate

in this 4-day event, which will culminate in oral presentations of the students’ products.

Teachers from participating schools will be trained to be facilitators by faculty members of
MME before the actual event. During the 4-day event, MME faculty members will assist
these facilitators as they carry out the modelling activities with student participants. As this
is the first time this event is being organised, the scale is intentionally kept small. Only Year

5 and Year 8 students will be invited to participate.

Conclusion

A mathematics curriculum does not need drastic changes for mathematical modelling to be
a part of a learner’s learning experience. Indeed, it is more crucial to provide the necessary
support that teachers need for them to embrace this mode of teaching mathematics. Even
in a traditional mathematics curriculum, with sufficient exposure to and experimentation
in the bolts and nuts of mathematical modelling, it is possible for a teacher to exploit these
ideas and use them in a mathematics classroom. Lingefjard argues that mathematical mod-
elling can be used as “a way to summarize and assess the mathematical competencies the

students possess” (Lingefjard, 2007, p. 330).

While it is difficult for a teacher to attain the same level of skills in mathematical modelling
that an applied mathematician would have acquired over time, it is possible for the teach-
er to learn alongside his students. The bigger challenge is for the teacher is to change his
mindset and become a partner in learning; perhaps the teacher can continue to be an active
learner and show the way for the students to learn mathematics in a fun and practical way

through mathematical modelling.

60 Keng-Chen Ang



It seems certain that Singapore’s future will be transformed by technology, global trends
and the changing demographics. The profile of our students continues to evolve and
change. All these will impact the overall education curriculum of the nation. The latest in-
itiative in curriculum planning recommends four important student outcomes, of which
“self-directed learner” is one. Because of its very nature, mathematical modelling could play
an important role in achieving this outcome. There is hope that mathematical modelling

could feature prominently in the Singapore mathematics curriculum in the near future.
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Abstract This paper reports on the first results from a study investigating Swedish up-
per secondary students’ mathematical modelling competency with the aim
to inform and enlighten relations and discrepancies between upper second-
ary mathematics and mathematics as applied in industry. Using non-para-
metric statistical methods the data from 381 students where analysed and
the students’ modelling competency described in terms of seven sub-com-
petencies. Possible factors affecting the students’ mathematical competency
such as attitudes toward modelling, previous experiences, last taken math-

ematics course, grade, class and gender were also investigated.
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Introduction and purpose

Pollak (1969) in discussing the relationship between mathematics as taught in schools and
applications of mathematics as used outside the school setting notes that genuine applica-
tions of mathematics steaming from real life and other scientific disciplines, different in-
dustrial context included, as presented to the students in the textbooks are rare. However, as
pointed out by De Lange (1996) the use of applied problems in mathematics education can
function as a motivation factor and that the recent and continuing development in comput-
ers makes more real problems available for the mathematics classrooms. In terms of ICMI
20 study the aim of this paper is “to broaden the awareness of industry with respect to what
school and university graduates can and cannot do realistically in terms of mathematics”

(Damlamian & Strifler, 2009, p. 520).

What do Swedish upper secondary students know about mathematical modelling and how
capable are they of solving modelling problems? These questions are asked in the back-
ground of the internationally growing interest in the field of educational research in math-
ematics focused on applications and modelling and part of the aim of the ICMI Study 20.
This paper discusses the first results of part of an empirical study conducted to enlighten

the present situation at the upper secondary level in Sweden with respect to these issues.

Since 1965 there has been an increasing explicit emphasis on mathematical modelling in
the written curricula document governing the Swedish upper secondary mathematics edu-
cation (Arlebick, submitted). In the present mathematics curriculum it is stressed that “[a]
n important part of solving problems is designing and using mathematical models” and
that one of the goals to aim for is to “develop their [the students’] ability to design, fine-tune
and use mathematical models, as well as critically assess the conditions, opportunities and
limitations of different models” (Skolverket, 2000). Indeed, using and working with math-
ematical models and modelling, problem solving, communication and the history of mathemati-
cal ideas are emphasized as four important aspects of the subject that should permeate all
mathematics teaching (ibid.). However, a more explicit definition is not given and thus this

description of mathematical modelling opens up for interpretations.

The aim of this paper is to get an initial indication of the level of the mathematical model-
ling competency of Swedish upper secondary students. In addition, it also investigates if
factors such as grade, gender, last taken mathematics course, and different attitudes might

affect the level of success of students solving modelling problems.

The research questions we addressed in this research in general terms were:
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1. What modelling competency do Swedish upper secondary students in 12% grade dis-
play?

2. Are there any connections between the students’ modelling competency relation to
mathematical achievement in general (grade), gender, students’ interest, last taken

mathematical courses, or to previous experiences?

Methodology, theoretical considerations and method

Rather than to device a research instrument of our own we decided to try to use an already
existing and tried out tool, and after having scanned the research literature we decided
to use the research instrument developed and constructed by Haines, Crouch and Dav-
is (2000). The instrument, also reported in Haines, Crouch and Davis (2001), originally
consisted of 12 multiple-choice questions (five alternative choices) together with a partial
credit assessment model assigning a score of 2 to one preferred of the five alternatives in
each question; 1 to one or more other choices since “an alternative response could indicate
knowledge and understanding in mathematical modelling” (Haines et al., 2000, p. 5); and
o to the remaining alternatives. Using the words by Houston and Neill (2003a, pp. 156-159)
the 12 questions, grouped in six pairs used in a pre-post test setting, focused on the follow-
ing aspects of the modelling process (see also section 2.1 below): making simplifying assump-
tions; clarifying the goal; formulating the problem; assigning variables, parameters, and constants;
formulating mathematical statements; and selecting a model. The instrument was “devised
both to address the need for a base level assessment of modelling skills and for application
during or on completion of an experience in mathematical modelling” (Haines et al., 2000,
p. 2) and the authors argue that using the instrument, “it is possible to obtain a snapshot
of student’ [modelling] skills at key developmental stages without the student carrying out

a complete modelling exercise” (ibid., p. 10).

The number of test items was extended to 18 by Houston and Neill (2003b), adding one
new question to each of the six aspects above. In addition, Haines, Crouch and Fitzharris
(2003) extended the numbers of items adding two questions involving graphical representa-
tions and two questions exploring real and mathematical world connections, making a total set

of 22 test items covering eight aspects of the modelling process.

Besides being used in the research referred to above, the research instrument has also been
drawn on and used in different settings with a variety of objectives in Haines and Crouch
(2001); Izard et al. (2003); Tkeda, Stephens and Matsuzaki (2007); Lingefjard and Hol-
mquist (2005); and Kaiser (2007), to among other things, investigate the levels of students’

modelling competencies.
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Mathematical modelling and modelling competencies

The view of mathematical modelling underlying the construction of the research instru-
ment mentioned in previous section is represented by the left diagram in figure 1. Note that
the ‘content’ of the boxes in this diagram are of different types and on different levels; real
world problem represent the real word situation or phenomena under consideration; formu-
lating model, solving mathematics, interpreting outcomes, evaluating solution, and reporting are
all processes, or to use the terminology of Haines et al. (2000) — skills, involved in math-
ematical modelling; refining model is also a process but on another level in the sense that
it is often compound by the other processes just mentioned, meaning that the modeller(s)
goes back to the real world problem and possibly re-formulate, re-solve, re-reinterpret and
re-valuate her/his/their work. However, the right diagram in figure 1 makes a more clear
distinction between the corresponding processes and refining model in this representation
of mathematical modelling means engaging in another cycle. It also situates the processes
in relation to the intra- and extra-mathematical worlds. In spite of the differences between
the two diagrams in figure 1 we believe that the respective authors as a matter of fact share
more or less the same overall view on mathematical modelling, but it must be stressed that
both these views of mathematical modelling are highly idealized and schematic representa-
tions of the complex processes involved. A similar view is presented by Palm et al. (2004) in
their interpretation of the written curriculum documents governing the Swedish upper sec-
ondary mathematics education, and this suggests that the research instrument described

above could adequately be applied also to the Swedish context.

Mathematical modelling as presented in figure 1 is often described using the notion of mod-
elling competencies. However, the meaning and content of this concept varies among its us-
ers; Blomhgj and Hejgaard Jensen’s (2003) definition is “[bly mathematical modelling com-
petence we mean being able to autonomously and insightfully carry through all aspects of a
mathematical modelling process in a certain context.” (p. 126), whereas Maafs (2000) defi-
nition is “[m]odelling competencies include skills and abilities to perform modelling proc-
esses appropriately and goal-oriented as well as the willingness to put these into action.” (p.
117). The latter definition we find ambiguous and problematic for two reasons; first it is not
clear what skills or abilities are, as to the relation between these two concepts; and secondly,
the emphasis on willingness seems to lack reasonable motivation and has weak grounding,
and in addition makes modelling competencies a concept hard to operationalise. We believe
that the definition suggested by Maaf} is incompatible with the research instrument initi-
ated by Haines et al. (2000) and that the solely use of this can not productively be used to
analyse students’ mathematical modelling competencies defined in this manner as sug-

gested by Kaiser (2007). Hence, in this paper we chose to define modelling competence in
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Figure 1—To the left are the “[s]tages in the mathematical modelling process”
such as presented by Haines et al. (Haines et al., 2000, p. 3) and to the right is
the “modelling cycle” of Blum and Leif (2007) as presented by Borromeo Ferri

(20006, p. 92).

line with Blomhgj and Hgjgaard Jensen (2003) quoted above, and refer to the processes in-
volved in mathematical modelling, previously described in terms of the eight aspects of the

modelling process, as modelling sub-competencies.

Developing an instrument

All the 22 items where translated into Swedish and effort was made to make the transla-
tions as true to the original formulations as possible only adjusting some of the details to
the Swedish context where this was appropriate. The translations were checked by a third
independent researcher before the items where piloted in a group of 16 students, each in-
dividually assigned eight items distributed so that we roughly got the same number of re-
sponses on all 22 items. In addition, for each item the students were asked to answer the
following three questions: (1) Do you think that the problem you just solved is relevant for a
mathematics class?; (2) Do you think the problem is interesting?; and (3) Do you think the prob-
lem is connected to reality? by choosing ‘Yes’, ‘I don’t know’ or ‘No’ and to give a short moti-
vation for their choices. The pilot study served to check how the translated items worked in
practice, how much time the students needed to complete the eight items, and to give us a
first impression of the students’ feelings for, and attitudes towards, working on the items.
During the time the students worked on the pilot test, which varied between 20 and 30 min-

utes, the first author surveyed the class and recorded comments.

Taking some of the recorded students’ comments from the piloting into account together
with the wish to push the test time down to approximately 20 minutes we decided to cut

out one of the items. In doing this, we also decided to incorporate the aspects of modelling
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listed as graphical representations with selecting a model since these two both focus on the se-
lecting of a mathematical model; in terms of a graph in the first case and a formula in the
second. Hence there are totally four items focusing on the aspect of selecting a model. So,
the view taken on modelling competency in this paper is that it as least is constituted of the
following sub-competencies: (sC1) to make simplifying assumptions concerning the real world
problem; (sC2) to clarify the goal of the real model; (sC3) to formulate a precise problem; (sC4)
to assign variables, parameters, and constants in a model on the basis of sound understanding of
model and situation; (sCs) to formulate relevant mathematical statements describing the prob-
lem addressed; (sCO) to select a model; and (sCy) to interpret and relate the mathematical solu-
tion to the real world context (cf. Kaiser (2007, p. 115-110)). In addition, the three follow-up
questions subsequent to each item were also cut out and replaced with the following seven
four-alternative-Likert attitude questions ending the test: I consider the problems on the test
to be (Q1) fun, (Q2) easy, (Q3) interesting; (Q4) I think the problems on the test invite you to use
mathematics to answer the questions; (Q5) I think that problems of this type are well suited for the
upper secondary mathematics courses; (QG6) In the upper secondary mathematics courses we often
work (ed) on similar problems; and (Q7) I would like (would have liked) to work more often on

similar problems in the upper secondary mathematics courses.

The pilot study was also used to make a selection of 14 of the original 22 test items; two each
representing the seven sub-competencies. The selection was based on the students’ results
on the test items, and those items which displayed non-extreme answer distribution, which
was not considered to be due to interpretational issues of item formulations, was selected
out. This means that items in which the students all got full score was discharged in favour
of items in which they achieved more moderately. After a discussion, the 14 selected items
where grouped into two groups, our first (FHC) and second (SHC) hand choice respectively,
from which four tests consisting of seven item each where constructed; test Tt and T2 con-
taining solely items from the two respective groups, and test T3 and T4 consisting of a mix-
ture of items from the two. The total score a student achieves on either of these four tests

is what we take as a measure of the students’ modelling competency.

For the final version of our research instrument we decided the first instant to be two quotes
from the curriculum guidelines for the Swedish upper secondary mathematics courses
(the ones we used in the background section) followed-up by two question; Have you ever
encountered the word ‘mathematical modelling’ during your upper secondary education? requir-
ing justa ‘yes’ or ‘no’ answer; and the open question Describe in your own words the meaning
you ascribe to the concepts mathematical model and modelling. Next, the seven items followed
and then the attitude questions Q1—Q?7. In addition, the students where asked to state their

gender, latest taken upper secondary mathematics course (in Sweden there are in principle
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five such courses, one per term, Mathematics A — Mathematics E), and their latest received
grade in mathematics (every course is graded as either IG = Fail, G = Pass, VG = Pass with

distinction, MVG = Pass with special distinction).

In a national science and mathematics teachers developmental program with participants
form all over Sweden, 41 sets of test were distributed in the spring of 2009 and asked to
be brought back to their respective school and given to mathematics teachers teaching 12™
graders in the science program (normally, at this time of year the students have completed
the Mathematics D course). Each set of tests contained 30 of the tests numbered from 1 to
30 with every fourth test a T1, T2, T3 and T4 test respectively starting randomly in that se-
quence. A letter was also attached to the mathematics teacher informing on the aim of the
research and ethical considerations taken, as well as practical requests for how to distribute
the tests in their class; to use approximately 20-25 minutes; not to allow the students to use
calculators; and for the students to solve the problems individually. In addition, the teachers

were asked to fill in a teacher questionnaire, but this will not be reported on in this paper.

In all, we got back 21 sets of test (51%) resulting in test scores from totally 400 students.
However, for the statistical analysis, which was made using SPSS, we only analysed the 381
students who answered at least four of the seven items on the tests, since we consider the
instrument not to give a reliable measure of the students’ modelling competency other-
wise. In this paper we will only report on the quantitative data; the results of the analysis

of the students’ answers on the open questions in the test will be reported on elsewhere.

Statistical analysis

A first statistical analysis using a Kolmogorov-Smirnov test with Lilliefors significance cor-
rection showed that the data was not normal distributed, which is not surprising since our
sample (N=381) is rather big. However, this lead us to use non-parametric tests for the con-
tinued analysis although a rough analysis at hand using a parametric approach reviled the

same result at approximate the same level of significance.

The particular tests used were the Mann-Whitney test, the Kruskal-Wallis test, and the Ken-
dall’s tau; the Mann-Whitney test is the non-parametric equivalent test to the parametric
independent t-test which uses a ranking procedure to compare two independent groups;
the Kruskal-Wallis test also uses ranking techniques to compare more that two independ-
ent groups; and the Kendell’s tau is the non-parametric equivalent to the Pearsons’ correla-

tion coefficient.
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Figure 2—Students’ sub-competencies with items relating to FHC and SHC

Results

With a maximum score of 14 the students scored in average 7.78 (Sta.Dev. 2.26). On the 14
different test items, corresponding to the seven sub-competencies, the students’ scored in

average between 0.33 and 1.67 as illustrated in figure 2.

Comparing pairs of items in respective sub-competence (at a level of p<.05) indicate a com-
parability of the pairs only in sC2 (H(3)=5.868, p=.118) and sC6 (H(3)=6.397, p=.094). The

pair of items in sCy are a borderline case (H(3)=7.809, p=.050).

The mean and standard deviation of the students’ total score with respect to gender, classes,

grades, last taken course and tests are summarized in the table 1.

When analysing grades and students’ modelling competency the four students with grade
IG were excluded, because these scored in average 7.5 which are not representative of the
IG grade. The grades G, VG and MVG showed a significant affect (p<.05) on the students’
total scores (H(2)=27.853, p=.000). However, just considering the grade VG compared with
MVG appeared not to have an affect on students’ total scores (U=6720, p=.132).

The students’ last taken mathematics course also had a significant affect (p<.03) on the
students’ modelling competency (H(2)=10.772, p=.005). A further investigation showed
that mathematics course D compared with course E had affect on students’ total scores

(U=9439 p=.005), but no affect was found between the courses C and D (U=342.5 p=.568).

Other factors significantly affecting (p<.05) the students’ total scores were which test they
took (H(3)=27.990, p=.000) and from which class the student belonged to (H(20)=0.437,
p=.004). However, no effect was found with respect to gender (U=13503.5, p=.363).
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Results
Female Male G G VG MG C D E T T2 T3 T4

A R R O RIS T Al A A T

_—_-----------
121 237 82 130 18 128 281 95 o4

Table 1—Mean value with respect to gender, classes, grades, courses and tests

Results Attitudes and previous experiences

-------
T\/kan
_______

Nu mber 376

Table 2—Mean values of the questions about attitudes and previous experiences
(1=strongly agree; 2=agree; 3=disagree; 4=strongly disagree; mean 2.5)

Table 2 summaries the students’ responses to the questions (Q1)—(Qy) and the only atti-
tude having a significant affect (p < 0.5) on the students’ modelling competency was if the
student considered the problems in the test to be (Q2) easy (H(3)=10.912, p=.012) and to be
(Q3) interesting (H(3)=18.292, p=.000).

Investigating par wise correlations among the affecting factors on the students’ modelling
competency, significant correlations (p<.05) were found between grades and respectively
course (7=-.342, p=.000), easy (T=-.164 p=.000) and interest (7=-.116, p=.010). In addition,

interest also correlated with course (7=-.109, p=.021) and easy (7=.217, p=.000).

It is notable that only 22.5% of the students have heard/used mathematical models or mod-
elling in school. For those how have heard/used mathematical models or modelling in

school, it did not show any affect on their total score (H(1)=.041, p=.839).

Discussion

In comparing the sub-competencies of the Swedish upper secondary students’ modelling
competency, fig. 2 shows that they were most proficient in questions relating to sC3 and
sC4, but exhibited more difficulties in questions relating to sCr, sC2 and sC6. The sub-
competence sC2 has also been proved to be difficult for the students in previous research
(e.g. Houston & Neill, 2003a; Kaiser, 2007). The notable difference between the two items

in sC1 might be an effect due to translation or interpretational problems. Not surprisingly,
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students’ grade and students’ last taken mathematical course have positive affect on stu-

dents’ modelling competency.

Looking at the results from the attitude questions Q1—Q7 there are is an overall negative
tendency towards working with mathematical modelling as represented in the test items
in all answers. In general, the students found the problems very hard (Q2) and did not ex-
press any excitement or joy in tackling them (Qr1). Neither did the students express that
they found the problems especially interesting (Q3) nor that they wanted to (have) work(ed)
more on similar problems in their mathematics classes (Q7). However, the students to
some extent seemed to recognize the value to use mathematics to solve the problems on
the tests (Q4), and in addition regarded the types of questions asked relevant and good to
use in mathematics classrooms (Qjs). One explanation to these results might be due to the
fact that the students expressed that they in principle never worked on similar problems
before (Q6). However, such student attitudes may present an obstacle for implementing

mathematical modelling at this school level.

In line with Haines et al. (2000) we agree that all the individual stages of mathematical
modelling represented in the sub-competencies are part of the modelling process. However,
the instrument lack other aspects of the modelling process such as the use of ICT, the fact
that not a ‘whole modelling problem’ is solved, and collaborative work, which means that
the research instrument does not provide a complete picture. Nevertheless, in fulfilling the
aims of the study, the tests items are adequate in that they allow many students to be test-
ed in a short time and give a first preliminary overview of the present state in the Swedish

upper secondary mathematics regarding students’ mathematical modelling competency.

In evaluating their research instrument Haines and Crouch (2001) concludes that “the an-
alogue pairs of items are predicted to perform in a comparable manner” (p. 133), except for
the two items used in sC3. Due to our big sample we suspected to conclude approximately
the same comparability. However, in our study the only comparable pairs of items in respec-
tive sub-competencies are sC2 and sC6 (and possibly sCs). Note that the analysis in Haines
and Crouch (2001) only investigate ‘the originally six stages’ in the modelling process and

that only the first five are comparable to our sC1—sCjy respectively.

The results on the relations between and among the students’ modelling competency and
their expressed attitudes (Q2) and (Q3) together with the many correlations found between
the attitudes indicate that a more advanced analysis might be fruitful using a more sophis-

ticated statistical model and method. This we plan to do in a forthcoming paper.
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Conclusions

The investigation of the modelling competency of Swedish upper secondary 12 grade stu-
dents revealed that the students’ were most proficient in the sub-competencies to formulate
a precise problem and to assign variables, parameters, and constants in a model on the basis of
sound understanding of model and situation, and least proficient in clarify the goal of the real
model and to select a model (if to make simplifying assumptions concerning the real world prob-
lem is disregarded). The study also shows that the students’ grade, last taken mathematics
course, and if they thought the problems in the tests were easy or interesting, were factors
positively affecting the students’ modelling competency. In addition, only 23% of the stu-
dents stated that they had heard about or used mathematical models or modelling in their
education before, and the expressed overall attitudes towards working with mathematical

modelling as represented in the test items were negative.

In connection to the aim of the ICMI Study 20, the result clearly indicates that Swedish
upper secondary students do not have much experience in working with real situations
and modelling problems, and that the incorporation of real problems from industry in the
secondary mathematics classroom might be problematic. A closer collaboration with rep-
resentatives from the industry working directly with classroom teachers and didacticians
could provide an opportunity to enhance the students’ proficiency in this respect. Together
such a team could engage in the designing, implementing and evaluating teaching were
the connection to industry, and the relevance of mathematics to industry, is made both ex-

plicit and accessible.
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During the last decades there has been a growing demand for mathemati-
cians for working in industry (SIAM, 1998). The importance of mathemat-

ical knowledge in an industrial context, became more and more relevant.

Business, industry and government provide a fertile domain for application

of advanced mathematics. To face this reality, universities feel the need to

adapt their curricula in mathematics and to create better interfaces with in-

dustry.

The Laboratory of Computational Mathematics (LCM) of the Centre for
Mathematics of the University of Coimbra (CMUC) was created to identify
relevant social and industrial problems that could benefit with the expertise
of mathematicians and to give visibility to the research done in CMUC that

could be applied by the industry.

The aim of this paper is to analyse the work done in the LCM in two perspec-

tives: the relationship between the university and industry and the relevance

of the LCM activities in educational mathematical programmes
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Introduction

According to several studies, “if Europe is to achieve its goal of becoming the leading knowl-
edge-based economy in the world, mathematics has a vital role to play” (MACSInet, 2004).
In spite of the fact that, in many industrial sectors, the value of mathematics is already
proven, there is a need for positive action to promote the use of mathematics by European
industry. A dynamic mathematical community interacting actively with industry and com-
merce, on the one hand, and the science base, on the other, have been pointed out as im-
portant ingredients for competing in the global market of the future where innovation will

be the key to success.

The OECD report (OEDC, 2008) asserts that “while mathematics presents industry in the
21st century with major opportunities, it faces significant structural challenges in the in-
dustrial environment. A strong pressure to organise research and development around
well-defined projects, combined with an increasing trend to outsourcing, has led even large
companies to significantly reduce their investment in the mathematical sciences.[...] None-
theless, strongly innovative companies that properly exploit mathematics can rapidly gain
a commercial edge over their competitors. This is illustrated dramatically by the success of

start-up companies selling custom-designed software.”

It is widely perceived that graduate education in mathematics focuses almost exclusively on
preparation for traditional academic research careers. Also, because of the interdisciplinary
and diversity which non-academic employers typically demand, the knowledge of technical

areas outside mathematics is of utmost importance in nonacademic positions.

In Portugal, the number of PhD and Master graduates with a degree in mathematics is
small and the quantity of those having non-academic careers is almost imperceptible. Nev-
ertheless, some indicators show the tendency for a slight change. With this scenario, there
is the perception that the creation of institutional high level connections between academic

mathematics groups and industry could produce a favorable impact (Vicente, 2000).

The activity in LCM

The Laboratory of Computational Mathematics was created in April 2005, integrated in
CMUC, a research center that comprises most of the research-active members of the De-
partment of Mathematics of the University of Coimbra (DMUC). Currently, the Centre has
65 members holding PhDs and 17 research students. The Centre makes a significant con-
tribution to fundamental mathematics and includes research in Algebra, Analysis, Numeri-
cal Analysis, Optimization, Probability and Statistics, Geometry, History and Methodology

of Mathematics.
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The foundation of LCM followed the recommendations regarding the CMUC activities of
the research unit evaluation panel in 2002 (FCT, 2002): “Computational Mathematics and
Numerical Analysis are important subjects on which Portugal is somewhat lagging behind
in spite of isolated pockets of expertise. The panel believes that this is well positioned and
has the capacity needed to lead a nationwide initiative, and to provide a solid foundation on
which to build a major Center of Excellence in Scientific Computing/Computational Math-

ematics in Portugal”.

During its five years of existence, LCM has been promoting research in computational
mathematics and scientific computing as techniques for the solution of challenging prob-
lems arising in biological sciences, engineering, finance, and management. The activity of
LCM includes interdisciplinary research, high performance computing and the develop-
ment of numerical software, in collaboration with industry, and also promotes Ph.D.’s and

Master’s graduate education.

The relationship with industry

The term “industry” has been used to denote business and commercial firms, research and
development laboratories, commercial and not-for-profit research, and production facilities,

i.e., activities outside the sphere of education and purely academic research.

As an interface with the University and industry, one of LCM’s major tasks is to identify rel-
evant social and industrial problems that should be tackled. The Portuguese Science Foun-
dation, which supports most of the projects in LCM, has been considering the relevance of
the project towards obtaining comparative advantages for Portugal a core criteria for fund-

ing, in accordance with the objectives stated in its strategic plan.

To identify such problems, contacts outside the mathematics community are important. To
pursue this goal, LCM organized several workshops and an ECMI study group, where in-

dustry was invited to present problems that could be worked by mathematicians.

The project portfolio of the LMC includes 12 application-oriented projects, some having in-
dustrial partners, namely hospitals, banks and bank holding companies, data and software

companies, and industrial firms.

As an example, we highlight the project “Simulation of a Moving Bed Reactor used in the
Pulp and Paper Industry”. The pulp and paper business is indeed one of Portugal’s most
important industries and an important mill of the major Portuguese firm Portucel, which
is one of the world’s biggest producers of bleached eucalyptus Kraft pulp for the packag-

ing industry and one of Europe’s top five producers of uncoated wood-free paper, is located
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near Coimbra. In order to optimize the quality of the pulp, this industry has a real need for
tools that enable the simulation of experiments that cannot be afforded or that might be
risky in a real industrial context. The most critical piece of equipment in a Kraft pulp and
paper plant is the digester, known as the heart of the mill. It is a very special and complex
heterogeneous reactor where a moving bed of wood chips contacts and reacts with sodium
hydroxide and sodium sulphide in a liquid phase (Kraft process), in order to dissolve lignin
and therefore to release the fibers of cellulose. In this context, the incidence of the work de-
veloped at LCM is twofold: from an engineering point of view, the system of equations pre-
sented furnishes a description of the transient behaviour of the digester which allows the
prediction of the quality of the pulp when some changes in the wood properties occur; from
a mathematical point of view, the project gave the possibility to study a new kind of numeri-

cal methods, specially tailored to the phenomena that take place in each part of the digester.

“Reaction-diffusion in porous media” is another research project with many relevant real ap-
plications, namely the contaminant transport in groundwater which, in Portugal, has a big
strategically interest. Nowadays, the pollution of the soils by fertilizers or pesticides is one
of the most relevant environmental problems. The diffusion phenomenon can dramatically
contribute to the contamination of groundwater and this can have serious social and eco-
nomical implications. The evolution of contaminants in soils and the subsurface contami-
nant transport can be analyzed with the simulation of the models considered in this project.
In particular, some areas in central Portugal are extremely polluted due to chemical indus-
tries. In the past, liquid effluents produced by these industrial units were discharged direct-
ly into several nearby streams. These effluents contained many different types of contami-
nants. Therefore, it is imperative to prevent and control this type of pollution and to have
reliable information on mechanisms that track its evolution. The final goal of the project
is to predict the evolution of this kind of pollution and to define strategies to reduce its en-
vironmental impact. The models studied during this project and the software package that

are expected to be developed can also be used to study biological filters.

We must point out that in most of the projects at LCM, the degree of commitment of the
companies involved is still less than it would be desirable since, in general, they don’t con-
tribute with funding. In addition, many of the on-going projects are engineering real prob-

lems but they don’t target any particular industrial application.

However, the laboratory has strong interactions with engineers, physicists, physicians
and finance specialists from Portuguese universities and also with computational math-
ematicians from elsewhere in Europe and in the US. Apart from numerous contacts with
colleagues all over the world, the cooperation is formalized in a number of organizational

frameworks.
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There has been a strategical effort to develop a variety of mechanisms to facilitate a con-
structive relationship between mathematics and industry. To achieve this objective, contacts

and collaboration with industrial partners are vital.

In April 2009, LCM hosted the 69th ECMI European Study Group with Industry (www.mat.
uc.pt/esgi6g). The purpose of these one-week meetings is to strengthen the links between
mathematics and industry by using mathematics to tackle industrial problems which are
proposed by industrial partners. The academic participants, who were a diverse group of
people with expertise in the mathematical sciences, including PhD students, postdoctoral
fellows and professors, allocate themselves to a group, each of which works in one of the
proposed problems with the industrial partner. The work was focused on five problems:
“Optimizing a complex hydroelectric cascade in electricity market”, “Management of stock
surplus”, “Estimating the price elasticity of water”, “Fraud detection in plastic card opera-
tions” and “Reliability of a customer relationship management”, proposed by the Portu-
guese firms REN, SONAE, Aguas de Portugal, SIBS and Critical Software, respectively.

The experience of the study group was very fruitful, both for the University and the indus-
trial partners. At the end the firms were asked to answer a questionnaire. The first question
was “Did the workshop fulfill your expectations?” Next we summarize some of the com-
ments. In the opinion of the representative of one of the companies: “Taking into account
the shortness in time of the workshop and the complexity of the proposed problem, we con-
sider that this initiative fulfilled our expectations, considering the given approach in solving
the problem and the nice ambience and the contacts made.” Other representative answered
“It totally corresponded. The work addressed areas and questions which highlight the orien-
tation of the working group for the applied mathematical analysis.” Another relevant com-
ment was given: “The initial result of the workshop exceeded our expectations. The work
developed during one week was clear. The change of ideas and the results applied to the

problem were well developed and presented.”

Another question was “How could we improve the links between academia and industry?”
One of the companies answered “I suggest the creation of a formal relation between in-
stitutions or between a pivot or a representative member of each part, which could often
present problems, suggest and analyze possible approaches, debate the possible solutions
and measure collaboratively the practical result of the achievements. In summary: partner-
ship to debate ideas, solutions and results.” Other idea was: “There are interesting tools like

doctoral grants within companies, for relevant topics for the company.”

We also asked if they intend to participate in future study groups and if they would recom-

mend these events to other companies and all the answers were “yes”. These answers re-
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veal the desire of the industry scientists to stay in contact with current research being car-
ried out at the universities. To enhance connections LCM proposes to promote meetings
and study groups on a regular basis and scientific activity spreading actions. Another way
to strengthen the links with the outside community is to offer a number of short-courses,
with topics of interest to both industry and academia, open to members of the university as
well other professionals and industry. These courses could be important to create institu-

tional connections with local industry.

The educational programmes

Traditionally, most of the best undergraduate students in mathematics choose to continue
their studies in pure mathematics. In recent reports it has been suggested the need to train
more students in applied areas. The current crisis in the academic job market reinforced

the attention in the preparation of mathematical students for non-academic employments.

LCM and DMUC think that the transition and integration into the job market of its students
is an essential part of its mission. For this reason DMUC runs a Career Service, giving stu-
dents a first working experience, preparing them for a better integration in the job market.
The cooperation between the University and industry from all over the country has made

this Career Service a success.

Several of DMUC’s former students are now working in Industry. When they were asked
about their academic preparation, they all tended to agree, according to what it was also
pointed out in the SIAM report (SIAM, 1998), “that they were well educated for several im-
portant aspects of non-academic jobs: thinking analytically, dealing with complexity, con-
ceptualizing, developing models, and formulating and solving problems. However, many
felt inadequately prepared to attack diverse problems from different subject areas, to use

computation effectively, to communicate at a variety of levels, and to work in teams”.

Taking into account this scenario, there has been an effort to incorporate modifications in
undergraduate mathematics curriculum in order to overcome these drawbacks. We point
out that, in the current cycle studies in mathematics of DMUC, some of the courses are re-
ally problem-solving oriented and every student must have contact with courses that link
mathematics and computing. The students are also encouraged to organize a regular inter-
disciplinary seminar focusing on a large variety of themes and non-academic mathemati-
cians are invited to meet with students and to talk about their work. Each year DMUC pro-
motes colloquia with former students that work in industry to speak about their experience

and to explain the importance of their background in mathematics.

80 S. BangeRo ann A. Aradj0, JA. Ferseira



The topics covered by LCM have a prominent place in the educational programmes at
DMUC, especially at the Master level. The applied Master programs of DMUC are divided
into several areas: Applied Analysis and Computational Mathematics, Computation, Statis-
tics, Optimization and Financial Mathematics. In these Master specialities, which are prob-
lem-solving oriented, the students are in contact with real problems. Some companies, like
Reuters, Critical Software and Mercer, support these Masters. Students have the possibility
to develop their MSc thesis in these companies, being, in this case, supervised by a member
of the mathematical faculty and a member of the company staff. Quantitative Methods and
Financial Mathematics is another applied Master program of DMUC. This program, shared
by DMUC and the Faculty of Economics of the University of Coimbra, receives students in
mathematics and economics and involves companies like Bloomberg, Goldman Sachs and

the Portuguese banks Millennium BCP and Montepio Geral.

One of the goals of the LCM is to incorporate students of all levels (undergraduate, master
and PhD) in its projects. Since its foundation, LCM gives visibility to the work developed
in CMUC in applied areas and, as consequence, the number of MSc and PhD thesis made
under LCM projects has increased. As an illustration we give some examples. In the thesis
“Optimization of a transport network”, the work was done in the framework of an European
Project named Civitas, a partnership between Critical Software and the local public trans-
port firm, SMTUC. The major goal was to develop a platform to help the users of public
transportation in Coimbra to obtain the best path to travel between two points. In the thesis
“Variance analysis in the treatment of clinical data”, a software to treat the clinical data of the
Portuguese Society of Cardiology using both parametric and non-parametric variance analy-
sis was developed. Other dissertations had been done is medical imaging. Two former stu-
dents developed computational algorithms for the segmentation and registration of medi-
cal images and studied their mathematical properties, aiming at applications proposed by
the Institute of Biomedical Research in Light and Image (IBILI), a research institution of
the Faculty of Medicine of the University of Coimbra.

There are also several students that developed their PhD thesis or have on-going work in
the scope of LCM projects. As an example we mention the thesis “Memory in diffusion
phenomena”, developed within the project “Non-fickian diffusion in polymers and medi-
cal applications” which studies mathematical models to simulate diffusion phenomena in
materials with memory like polymers. Another PhD student is working on a thesis enti-
tled “Controlled drug release”. His goal is to develop a mathematical model and a software
package to simulate the drug delivery from contact lens loaded with drug and containing
particles, also loaded with drug, dispersed in the polymeric matrix. Both thesis have inter-
disciplinary character. Chemical engineers from the Chemical Engineer Department and a

medical doctor from the Faculty of Medicine are also involved.
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Since “applications have been the driving force in the science and mathematics” (Friedman
& Littman, 1994), LCM strongly supports the idea that applications are extremely useful
to motivate the teaching in mathematics. But, apart from the great effort to introduce real-
world applications, we believe, agreeing with OECD report (OECD, 2008), that “curriculum
should not become a light version of the accepted curriculum for future researchers”. The
students that want to study industrial mathematics should “be familiar with the standard

canon of the discipline”.

In spite of the work that has been done, there is an urgent need for more training in the
area of industrial mathematics. It is essential to attract bright students to this area and to

convey the challenge and the excitement of solving practical problems.

Conclusions and strategy for the future

LCM is a recent structure and for this reason is not yet possible to make a wide quantitative
study about the achievements of this project. Nevertheless, the success stories indicate that
there has been an increasing interest in strengthening the relation between academia and
industry and we feel that mathematics can provide a competitive edge for Portuguese in-

dustrial organizations.

Based on our own findings and on the experience of other similar laboratories, we are lead
in two directions: building better relations with non-academic organizations promoting the
role of mathematics; developing strategies that might be useful to encourage shifts in the

curricula in with the objective of promoting closer ties with industry.
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Introduction

In the brave, new world of Information Society, mathematical literacy became a condition for
democratic citizenship. Actually, skills as basic as the ability to think and reason in terms
of abstract models and the effective use of logical arguments and mathematical calculation
in normal, daily business practice are on demand. Actually this concerns not only highly
skilled IT professionals, who are expected to successfully design complex systems at ever-
increasing levels of reliability and security, but also specialised workers monitoring, for ex-

ample, CNC machines.

Even more it concerns, in general, everyone, who, surrounded by ubiquitous and in-
teracting computing devices, has an unprecedent computational power at her fingers’ tips
to turn on effective power and self-control of her own life and work. Neologism info-exclud-
ed is often used to denote fundamental difficulties in the use of IT technologies. More fun-
damentally, from our perspective, it should encompass mathematical illiteracy and lack of

precise reasoning skills rooted in formal logic.

Irrespective of its foundational role in all the technology on which modern life depends,
Mathematics seems absent, or invisible, from the dominant cultural practices. Regarded as
difficult or boring, its clear and ordered mental discipline seems to conflict with the super-
position of images and multiple rationales of post-modern way of living. Maybe just a minor
symptom of this state of affairs, but mathphobia, which seems to be spreading everywhere,
has become a hot spot for the media. Our societies, as noticed by E. W. Dijkstra a decade
ago, are through an ongoing process of becoming more and more “amathematical” [11]. On the

surface, at least.

Under it, however, Mathematics is playing the dominant role, and failing to recognize that
and training oneself in its discipline, will most probably result in people impoverished in

their interaction with the global polis and diminished citizenship.

In such a context, this paper aims at contributing to the debate on strategies for achieving
a higher degree of mathematical fluency. By this we do not have in mind the exclusive devel-
opment of numerical, operative competences, but the ability to resort to the mathematical
language and method to build models of problems, and reason effectively within them. Our
claim is that such strategies should be directed towards unveiling mathematics contents by

rediscovering the relevance of both

« argumentation skills, broadly understood as the ability to formulate and structure re-

lationships, justifications and explanations to support an argument;
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« and proof, as the formal certification of an argument, which encompasses the effective

development of proof design and manipulation skills.

Although both aspects are often emphasized separately, the development of educational
strategies to bind them together in learning contexts may have an impact in empowering

people reasoning skills and, therefore, their ability to survive in a complex world.

The study of mathematical arguments is still an issue in Mathematics Education (see, e.g., [1,
16]). On the other hand, the rediscovery of the essential role played by proofs (and the associ-
ated relevance given to formal logic), has been raised, for the last 3 decades, in a very partic-
ular context: that of Computing Science. Actually, the quest for programs whose correctness
(with respect to a specified intended behaviour) could be established by mathematical rea-
soning, which has been around for a long time as a research agenda, has recently emerged
as a key concern for the Information Society. More and more, our way of living depends on
software whose reliability is crucial for our work, security, privacy, and even life (cf, for ex-
ample wide spread computer-controlled medical instrumentation). Industry is recognising
this fact and becoming aware that, at present, proofs pay V.A.T.: they are no more an aca-

demic activity or an exotic detail, but simply part of the business [9].

The remaining of this paper addresses argumentation and proof, stressing the need for mak-
ing them explicit in mathematical training at all levels (from middle and high school cur-
ricula to profissional education in industrial contexts). Section 2 addresses mathematical
argumentation and the development of adequate skills. Part of the discussion is illustrated
through the analysis of a class episode registered in the context of a collaborative research
project on mathematical communication coordinated by the second author and partially
documented in [14]. Section 3, on the other hand, goes from argumentation to proof, build-
ing on developments in Computing Science with potential impact for reinvigorating math-
ematics education. In particular, we focus on the centrality of formal logic and the propos-
al of a calculational, goal-directed reasoning style which has proven to scale up from the

school desk to the engineer’s desk tackling complex, real-life problems.

Argumentation

Mathematical learning requires a stepwise construction of a reference framework through
which students construct their own personal account of mathematics in a dynamic ten-
sion between old and newly acquired knowledge. This is achieved along the countless in-
teraction processes taking place in the classroom. In particular, the nature of the questions
posed by the teacher may lead to, or inhibit, the development of argumentation and reason-

ing skills [3]. A student who is given the opportunity to share what she already knows, her
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conjectures, and explain the way she though about a problem, will develop higher levels of

mathematical literacy in the broad sense proposed in section

1. Team work, which entails the need for each participant to expose his views, argue and try

to convince the others, is an excellent strategy to achieve this goal.

Strategies which call students to analyze their arguments and identify its strengths and
weaknesses are also instrumental to this aim [13]. Reference [15] singles out a number of
basic issues in the development of what is called a reflexive mathematical discourse: the
ability to go back (either to recover previous arguments in a discussion or to introduce new
view points) and the ability to share different sorts of images supporting argumentation (eg,
sketches, tables, etc.).

Training argumentation skills is not easy, but certainly an essential task if one cares about
mathematical literacy in modern societies. Teacher’s role can not be neglected. She/he is
responsible for stimulating a friendly, open discussion environment [1], avoiding rejection
and helping students to recognize implications and eventual contradictions in their argu-
ments to go ahead [10, 18]. Her role is also to make explicit what is implicit in the students
formulation [5], helping them to build up intuitions, asking for generalizations or confront-

ing them with specific particular cases.

Often in school practice conceptual disagreements are avoided (let alone encouraged!), with
negative effects in the development of suitable argumentation skills. On the contrary, such
skills benefit from exposition to diverse arguments, their attentive consideration and elici-

tation, as empirically documented in, e.g., [20].

The following episode was recorded in the context mentioned above, in a class of 10 years
old students. Although very short, this excerpt illustrates both argumentation in a class and
the way a teacher can promote vivid discussions without ruling out any participant. The
context was a general discussion in the class on the result of some team work tackling the
following problem: a gardner wants to sow new plants in the flower bed depicted in Figure 1. How

much seed should he buy if 10g are required for each square meter of the flower bed?.

The excerpt illustrates what [16] calls emphposition-oriented discussions in which the
teacher tries to identify and promote different explicit viewpoints on the problem. She is
supposed to analyze and make explicit the logic structure of the arguments in presence and

act as a source of both criticism and confidence for all students involved.

T Let’s see this group’s solution. Why did you compute the area,

instead of, let’s say, the perimeter or the volume?

88 Luis S. Barsosa ano Maria HeLena Martiivo



Figure 1—The garden problem.

Magda:  We need to kwon the area because we were told that 10¢ of seed
would do for 1m?>.

T Ok. And then?

Magda:  Then we divided the area of the central square by two. We had
to get rid of one half.

T: Why that?

Magda: =~ We already had the area of one of the big squares ...

T: Sure. This one for example [pointing to one of them].
Magda:  The problem was they were not complete...

T Who was not complete?

Magda:  The squares were not complete.

T That’s true: this one is not complete, neither is the other.

Magda:  Actually the central square is imaginary. We needed to know the
area and divide it by two to get it removed from the area of each of the

big squares.

Notice the teacher’s effort to make students clarify their reasoning and consider all aspects
of the problem. Magda’s group strategy was to consider two big squares partially overlap-
ping: the overlap area is refered to as the imaginary central square. Then they took half of
latter to subtract to the sum of the areas of the two big squares taken independently. The
strategy is correct and shows a clear spatial perception. It is not easy for her, however, to

put it into words when other students express doubts about the result. Sue tries to help:
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she understood why Magda calls the central square imaginary, but also why other students

claim it can’t exist:

T: Nice observation. Can you repeat it louder?
Ann: If it were imaginary nobody would have sketched it on the figure.
T Then we have two theories! One group claims it is an imaginary

square, and, being imaginary it does not exist. The other claims

the opposite. Any help?

Sue: Ok, it is imaginary because it is there just to signal that one of the big

squares is above the other.

T: You mean this square is above the other?

Sue: Yes, it is an incomplete square.

T What do you think Magda? Would you like to defend your
position?

Magda:  We claim it is imaginary because otherwise, if it was a real flower
bed in a garden, it had to be perceived as such ... and it isn’t there,
isit?

T You mean, if you were parallel to the garden you couldn’t see the

central square, right?
Magda:  Exactly.
The debate went on. Just notice, in the following small excerpt, how making an effort to be

concrete and come back to the original gardening problem, can help to build up the cor-

rect intuitions.

Rachel:  Sue claims one of the squares is incomplete, but actually they

can be both complete and just one of them be over the other.

T: Ok, you can imagine one square overlapping the other ... your

colleagues say this is not possible ...

Rachel: Oh, yes, sure! I forgot the earth in the flower bed. They are right:
if the two squares really overlap, the bed will not be flat, but a
little higher in the overlapping area.

As a final remark note how classroom interactions can shape the mathematical universe

of students. Actually, school mathematics is an iceberg, of which students often only sees
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what emerges at surface (typically, definitions and procedures). Rendering explicit what is

hidden under water is the role of effective mathematical training in argumentation.

Proof

If the development of suitable argumentation skills is a first step to a Mathematics-aware
citizenship, mastering proof technology is essential in a context where, as explained above,
proofs pay V.A.T. Such is the context of software industry and the increasing demand for
quality certified software, namely in safety-critical applications. But what contributions may
Computing Science bring to such a discipline? And how could they improve current stand-

ards in mathematical education?

As a contribution to a wider debate, we would like to single out in this paper the emphasis
on the central role of formal logic and the development of a calculational style of reasoning.
The former is perhaps the main consequence to Mathematics of Computing Science devel-
opment. An indicator of this move is the almost universal presence of a course on formal

logic in every computing undergraduate curriculum.

Proficiency in mathematics, however, would benefit from an earlier introduction and ex-
plicit use of logic in middle and high school. Note this is usually not the case in most Euro-
pean countries; the justification for such an omission is that logic is implicit in Mathematics
and therefore does not need to be taught as an independent issue. Such an argument was used in
Portugal to eliminate logic from the high-school curriculum in the nineties. The damage it
caused is still to be assessed, but it is certainly not alien to the appalling indicators in what

concerns the country overall ranking in mathematics education [17].

High-valued programmers are heavy users of logic. At another scale, this is also true of who-
ever tries to use and master information in modern IT societies: the explicit use of logic en-
ables critical and secure reasoning and decision making. On the other hand, a heavy use of
logic entails the need for more concise ways of expression and notations amenable to for-

mal, systematic manipulation.

The so-called calculational style [2, 19] for structuring mathematical reasoning and proof
emerged from two decades of research on correct-by-construction program design, starting
with the pioneering work of Dijkstra and Gries [0, 12], and in particular, through the devel-
opment of the so-called algebra of programming [4]. This style emphasizes the use of system-
atic mathematical calculation in the design of algorithms. This was not new, but routinely
done in algebra and analysis, albeit subconsciously and not always in a systematic fashion.
The realization that such a style is equally applicable to logical arguments [6, 12] and that

it can greatly improve on traditional verbose proofs in natural language has led to a sys-
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tematization that can, in return, also improve exposition in the more classical branches of
mathematics. In particular, lengthy and verbose proofs (full of dot-dot notation, case analy-
ses, and natural language explanations for “obvious” steps) are replaced by easy-to-follow
calculations presented in a standard layout which replaces classical implication-first logic

by variable-free algebraic reasoning [19, 11].

Let us illustrate with a very simple example what we mean by a calculational proof. Sup-
pose we are given the task to find out whether In(2) + In(y) is greater than, or lesser
than In(3) + In(5) . The ‘classical’ response consists of first formulating the hypothesis

In(2) + In(7) < In(3) + In(5) and then verifying it as follows:
(1) function In is strictly increasing
(2) In(xxy) =1In(x) + In(y)
(3) 14<15
(4) 14=2x7and15=3X5
(5) In(14) < In(15) by (1) and (3)
(6) In(2) +1In(7) < In(3) + In(5) by (2), (4) and (5)

The proof is easy to follow, but, in the end, the intuition it provides on the problem is quite
poor. Moreover, it is hard memorize or reproduce. Most probably it was not made, origi-
nally , by the order in which it is presented. This may explain why, in general, this sort of
proofs, although dominant in the current mathematical discourse, fail to attract students

enthusiasm.

Consider, now, a calculational approach to the same problem. The main, initial difference
is easy to spot and has an enormous impact: its starting point is not an hypothesis to verify,
formulated in a more or less diligent way, but the original problem itself. The proof starts
by identifying an unknown @ which stands, not for a number as students are used in school
mathematics, but for an order relation. Then it proceeds by the identification and applica-
tion of whatever known properties are useful in its determination. The whole proof, being

essentially syntax driven, builds intuition and meaning.

In(2) + In(7) @ In(3) + In(5)

(function In distributes over multiplication)

In(2 x7) B 1In(3 X 5)
(routine arithmetic)

In(14) & In(15)
(14 < 15 and In is strictly increasing)
mis <
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Empirical evidence gathered within MATHIS1 suggests the systematization of such a calcu-
lational style of reasoning can greatly improve on the way proofs are presented. In particular
it may help to overcome the typical justification for omitting proofs in school mathematics:

that they are difficult to follow for all but exceptional students.

The MATHIS project is 'refactoring’ several pieces of school mathematics, systematically
introducing this sort of proofs by calculation. Although it is too early to draw general conclu-
sions (preliminary results, however, appeared in [7] and [8]), this effort shows how the for-
malization of topics arising in different contexts results in formulae with the same flavour,
which can be manipulated thereafter by the same rules of the predicate calculus, without
reference to a ‘domain specific’ interpretation of such formulae in their original area of dis-
course. This is the essence of formal manipulation, and yields proofs that are shorter, ex-

plicit, independent of hidden assumptions, easy to re-construct, check and generalize.

Conclusions and Future Work

Understood, more and more, as a condition for democratic citizenship in modern In-
formation Societies, mathematical literacy has to be taken as a serious concern for the years
to come. From our perspective this entails the need for a systematic (and, given lesprit du
temps, courageous) unveiling of Mathematics. That is, to make mathematical reasoning ex-
plicit at all levels of human argumentation and develop, through adequate teaching strate-
gies, the skills suitable to empower correct reasoning in all sorts of social, cultural or pro-

fessional contexts.

This paper focused on two main issues in this process: empowering mathematical ar-
gumentation, by developing adequate teaching strategies, and proof, made simpler, easier to
produce and more systematic through a new calculation style which has proved successful
in reasoning about complex software. The latter may be, so we believe, a contribution of

Computing Science to reinvigorating mathematical education.

A final word is in order on the above mentioned relationship of Mathematics and Com-
puting. Actually, the latter is probably the paradigm of an area of knowledge from which a
popular and effective technology emerged long before a solid, specific, scientific methodol-
ogy, let alone formal foundations, have been put forward. Often, as our readers may notice,
in software industry the whole software production seems to be totally biased to specific
technologies, encircling, as a long term effect, the company’s culture in quite strict limits.
For example, mastering of particular, often ephemeral, technologies appears as a decisive

requirement for recruitment policies.
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This state of affairs is, however, only the surface of the iceberg. Companies involved in
the development of safety-critical or mission-critical software have already recognized that
mathematical rigorous reasoning is, not only the key to success in market, but also the war-
rantee of their own survival. With a long experience in training software engineers and col-

laborating with software industry, the authors can only claim the need for a double change:

« in the Mathematics middle school curriculum, in which the notion of proof and the de-

velopment of argumentation skills are virtually absent;

« in a popular, but pernicious, technology-driven computing education which fails to
provide effective training in tackling rigorously the overwhelming complex problems

software is supposed to solve.

Future research, specially in the context of the MATHIS project, goes exactly in this direc-
tion. In particular, we are currently working on strategies for developing argumentation
and calculational proof skills in probabilistic reasoning. As researchers in Education and
Computing Science, respectively, the authors see their job as E. W. Dijkstra once put it, We
must give industry not what it wants, but what it needs. Mathematics should not, definitively,

remain hidden.
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