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e What follows is joint work with C. Kenig, L. vega and G. Ponce.
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(&) = (2m) 2 / e *¢f(x) dx.
L]
Theorem (Hardy’s Uncertainty Principle)

Assume f(x) = O(e /") and f(£) = O(e™*°/**) If a3 < 4,
then f =0. If a8 =4, f is a constant multiple of e X115



Oru=iAu, xeR" teR,
u(x,0) = up(x).
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o lf o < 4T,
u(0) = O(e /%Y and u(T) = O(e /%)

then, u=0in R” x [0, T]. If a8 = 4T, u is the solution with

1 i 2
el — —+—) X
initial data, we </32 ar )X , for some complex number w.



(Cowling M. and Price J. F.) If p, g € [1, o0], with at least one
of them finite, a8 < 4 and eXI/F*f ¢ [P(R), e¥/2°F € L9(R),
then f = 0.

(Beurling) If f is in L}(R) and

/R /R F()|[F(€)e€l die d < oo,

then f—O

o If eﬁ2 up € LP(R), ea? :Taqu € LY(R), p, g € [1, 00], with at
least one of them finite and a3 < 4T, then uy = 0.
o If up € LY(R) and

//\uo(x)He’Taxuo(y)e|Xy|/2dedy<oo,
R JR

then ug = 0.



e There is € > 0 such that if u € C([0, T], L>(R")) is a solution of

{atu = i(Au+ V(x, t)u+ F(x, t)), Vil < €

u(0) = wo
then

[%U% leX*u(e)l| < lle**u(O)[| + X u(T) + 1€ F 1o, 77,2(en))

2
e The identity [, 2V g = (2m)"2e2X  gives

sup [ u(t)|| < | u(0)||+ ]| u( T)||+ 1™ Fll 10,1028
[0,T]



e Assume that u € C([0, 1], H*(R")) is an strong solution of
Oru =i (Au+ V(x, t)u),
V:R"x[0,1] = C, V € L*(R" x [0,1]),
YV € L(0.1], L(E) and_lim /01 V() | Lo )t = O.

There is ¢ = c(n, [lul| ooz, | V|15, [V V[ 1110) such that if u(0)
and u(1) are in H(e?*dx) and 7 > ¢, then u = 0.



e u1, up € C([0,1], HX(R")), k > n/2 + 1, are solutions of
i0ru + Au+ F(u, 1) =0,

F:C?—-C, FecCk F(0)=0,F(0)=d;F(0)=0.

There is ¢ = c(n, [|u1]| o2, (w2l Lo 2, [|Fl o) such that if
u1(0) — u2(0) and wy (1) — up(1) are in H (e dx) and ~ > ¢,
then u; = ws.



For up in S'(R") the following statements are equivalent:
(/) There are two different real numbers t; and tp, such that
e etit g is in L2(R™), for some a; > 0, j = 1,2.
(ii) ePx*uy and e Ty are in L2(R"), for some bj>0,j=1,2
(iii) There is v : [0, 400) — (0, 400), such that e’V eitd g i
in L2(R"), for all t > 0.

(iv) g(x) = e ug(x), 7 € R, verifies (ii) with possible different
constants.

(v) uo(x + iy) is an entire function such that
ug(x + iy)| < Ne=@XP+EIYP for some N, a, b > 0.

(vi) To(& + in) verifies (v) with possible different constants.

(vii) There are § and € > 0 and h in L2(e?*” dx) such that
uo(x) = e’2h.



Logarithmic Convexity

Assume that «, 3, T are positive and A is in R"”. Then,
[ ]

A-x Ax B(T—t) A-x (aT+p)t
leat*8 u(t)]| < lle # u(0)|| T(at+5) |leaT+5 u(T)|| (2t+AT

when 0 <t < T.

°
at

x Xx o 2 o et
leat+7 u(t)|| < |le # u(0)]|at+F ||e"a wu(0)||at+B,

when t > 0.



A-x
o f(x,t) =eottPu(x,t), A € R".
e 1(0) extends to the complex-space C" as an analytic function and

|u(x + iy, 0)] < Ne ?F+bPfor all x,y € R™.

® SUPg< < T ||e3|X‘2u(t)|| < +00.

o 0:f =S+ Af, H(t) = ||f(t)|*
S +[S, Al > —aff_ﬂs

e ?log H(t) > at+,88t log H(t).
e H(t)***5 is logarithmically convex in [0, T].

o T2|u(xT, T)| — 272[6(&/2,0)| and

A-x (aT+p)t 2AE — _at
leaTHB u(T)[[ (AT — [le”a u(0)||*+7

when T — +o00.



Logarithmic Convexity

Ix|2 Ix|2 B(T=t) 52 (aT+ﬁ)f

le@3 u(t)]] < [le 7 u(0)|| T(r+A) [|elTsa? u(T)|| (er+AT

when 0 <t < T.

[
2
X2 |x|? m —

B _at
lecttd® u(t)]| < [[e 5 u(0)|| @7 [le ez u(0)||«t+7,

when t > 0.
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Other Convexr Weights

Given ¥ = (Y1, .. .,7n) in [0,00)", the following holds:

p? v B(T—1) wj x? (aT+B)t
[Tt ()| < [le 5 u(0)|| T || res u( T)||@EFAT

when 0 <t < T.

°
2 2
V% VX B8 4jie? _ at

e u(e)| < fle u(0)| T [le= u(0)] 77,

when t > 0.



Other Convexr Weights

Given p € (1,2], there is ¢ = ¢(p, n) > 0 such that,

B(T—t) (aT+6)t
el (o)) < c el (o) TEE el ury G
when 0 <t < T.
[ ]
el =
lel#55 1 u(o)] < c [lel 31 u(0) |7+ [|el= 1" u(o )Ho‘”ﬁ
when t > 0.
e There is ¢ = ¢(n, p) such that
1x1P P ) 1x1P
clew S/ N |A| % d)\<ceP,Whenx€R”.



Interaction Inequalities

[ ]
Ay A itA
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when 0 <t < T



Interaction Inequalities

e Letting T — 400

y) .
He at+ﬁ e'tAuO(X) e’tAVO(y)||,_z(R§ny)
A (x—y) 2X-(6—n)
+
<lle” 7 uo(x) v ()\\f‘z’inn e a

x=yl® .
He(at+g)2 e’tAuo(x) eItAVO(}/)HLZ(IRg’]y)
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when t > 0.
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e The “logarithmic convexity” behind the previous interaction
inequalities implies interaction Morawtez inequalities for the free
particles in the same spirit of other recent interaction inequalities
by J. Colliander, M. Keel, G. Staffilani, H. Takaoka and T. Tao:
[ ]

I1x = y1e™ un(x) € vo(y) ez

is convex in R.

[}
I1x = yI% 2 uo(x) €2 v0(y) Bagez

is convex, when n>3and 1 <a <2
e The latter authors proved similar results, when uy = vp.



Galilean Invariance

The Galilean invariant property of the free Schrodinger group,
eitA(eiz/- UO)(X) — efi|y\2teiu-x(eitAuO)(X _ 2ty)

describes the time evolution of the location of the “mass”of a
Gaussian decaying solution:
[ ]

Ixtaty|? 1x)2 B(T—1) Ix+2Tv 2 (aT+B)t
e u(t)| < [le # u(0)]| TOTT) [le =02 u( T) | (FTIT

when 0 <t < T.

[ ]
|x+w|2 |x|? 5 detv? —

| b M _oat
et u(e)]| < lle 5 u(0)]| T le” o~ u(0) 2577,

when t > 0.



Variable Coefficients and the same Gaussian decay

Assume v > 0 and that u in C([0,1]), L2(R")) verifies
Oru =i (Au+ V(x,t)u), in R" x [0,1].
Then, there is a universal constant N = N(7) such that

X2 X2
SUP[O,l]He’YI Fu(t)] + |1 - t)er™ Vull 2mexo,1))
< NeM+) ([ (o) + e u()] .

Moreover, ||e7X” u(t)| is “logarithmically convex”in [0, 1]:

leFue)] < MMM e E u(o) e (1))



Conditions on the Potential

(i) V(x,t) = Vo(x) is real-valued and || Vo oo (rny is finite.
(ii) V(x,t) = Vo(x) + Vi(x,t), Vo as above and

sup |]e7|x|2 Vi(t)[ oo (mny is finite.
[0.1]

(iii) ||V oo (rrx[0,17) is finite and

1
o IV ey e =

The “logarithmic convexity "holds, when either (i) or (ii) holds.



Variable Coefficients and Different Gaussian Decay

There is a universal constant N = N(«af3) such that

ly|2

supjo,yj|lees+5a=N" u(s)[| +][/s(1 - 5)6(0‘”5 1 9’ VUHL2 (R7x[0,1])

< NeN(MW) [H 5 u(0)] + 1 ()]

Iy
Moreover, log (”e(as+ﬁ(1s))2 U(S)Has—i-ﬁ(l—s)> is “convexin [0, 1],

ly|2
[e(astp=o)? u(s)|| <

2 sa-s)  I® as
eN<M+M2)||e%u(0)r\W®\|e * u(y) |t



Conditions on the Potential for Different Gaussian
Decay

(i) V(y,s) = Vo(y) is real-valued and ||Vo|[ o0 (rn) is finite.
(ii) V(y,s) = Wo(y)+ Vi(y,s), Vo as above and

Iyl
sup ||e (s +80=5)% V1 (5)]|[ oo () s finite.
[0,1]

(i) ||V || Lo (mrx[0,1)) is finite and

1
Il V e} n - .
o IV gy s = 0

The logarithmic convexity holds, when either (i) or (i) holds.



Hardy’s Uncertainty Principle with Variable Coefficients

e Assume that u in C([0,1]), L2(R")) verifies
Oru =i (Au+ V(x,t)u), in R" x [0,1],

ly|? ly|2

e u(O)]| + lle < u(D)]| < +oo,

the potential V/(x, t) verifies one of the previous conditions and
aff < 2.

Then, u=0in R" x [0, 1].



e Reduction to case @ = 3 using the Appell transform:

X\2

n _Ix®
w(x,t) =t 2u(x/t,1/t)e4ArB)t

verifies
n |x|2
Orw = — (A+ Bi) <Aw +t722F(x/t, 1/t)e4<A+fB>f> ,

when
Osu= (A+ Bi)(Au+ F(y,s)).

NIs

a(x,t):( vap )

(B—a)ilx|?
Vap x ﬁt Ha(l—t)130)
o= o) 15t u <a( e 4a(l-t)+p1) ,

1-t)+0t’ a(l—t)+0t
verifies

8,0 = i (AX’J+ V(x, t)’a) ,inR" x [0,1]



\/ _ af vapBx Bt
V(X> t) T (a(1—t)+Bt)? 4 (a(l—t)—f—ﬁt’ a(l—t)+ﬂt)

and

~ 2 b 1

[5()e™ || = ||u(s)e@s50=97 || | when y = — |,

(0]
) 8
-~ (6%

[ V][ oo (mrx0,1)) < max{ﬁ, a}HVHLOO(R"X[O,l])v

[}

1 1
LIV i de = [ IV s . when s = i



Theorem

Assume v > 0, u in C([0,1]), L2(R™)) verifies
Oru = i (Au+ Vo(x)u), inR" x [0,1].

with Vy real and bounded. Then, there is a universal constant
N = N(v) such that

suppo, 1yl u(t) || + 1v/t(1 = £)e™ Y ul 2o 1)
< NV () [ u(0)] + [ u(1)] .



Gausstan decay for diffusions

e Assume that u in L°°([0, 1], L2(R")) N L2([0, 1]), H(R")) satisfies
Oru = (A+iB) (Au+ V(x,t)u+ F(x,t)), in R" x (0,1],
A > 0and B € R. Then,
YAx|?

e_MT H @ A+4y(AZ+B2)T u( T) ||

~AIx|?

< [ u(0)| + VA2 + B2 e BN F(8)]] 130, 71,22y

where
MT = HAR(:" V — Blm V”Ll([oy‘r],Loo(Rn))



Convexity for Diffusions

e uin L°°([0,1]), L2(R™)) N L2([0, 1], H*(R")) verifies
Oru = (A+iB) (Au+ V(x,t)u), in R" x [0,1],
A>0, BeRand ||V ocwn < M. Then,
leFu(e)]
is “logarithmically convex” in [0, 1] and there is N such that
le™u(e)| < MAHEMEVAZEM) by ) | M u() |,

when 0 < t <1.



Convexity for Diffusions

Moreover,

X2
Iv/t(1 = t)e Vull 2rexo,1))

< MN(AHEIMEHVRZEM) (|17 y(0) | + || P u(1)]])

e When u(t) = e™ug, H= A + Vy(x),

{atu = i(Au+ Vo(x)),in R" x [0,1],
u(0) = wp,



o u(t) = el+DtH yq  solves

Oru = (e + 1) (Au+ Vo(x)),in R" x [0,1],
u(0) = wp.

and if 7. = |e<X* ue(2)| is “logarithmically convex” and

0
14+4ve !’

iy e Fuc ()] + 1|yt — ) V]| 2w o.7)

)

< MOP) (P 0)] + [ (1))

o u (1) = eltNHyy = eHet gy = (1) and

oy M| ~yIx[2
sup ||[eTHavee e || < e e f|.
[0,1]

and let € tend to zero in the above inequality.



A Carleman inequality

e The inequality

R? t(1—t)
it gl Rnﬂ)

RHeﬂx—i—Rt(l t)er|2—(1+e)

|| HRia=dal- 1+ (5, iN)g | 2o

holds, when v > 0, ¢ > 0, R > 0 and g € C§°(R"*1).

e It is related to the logarithmic convexity of

_ _R2t(1—t)
H(t) — Hev\x—&-Rt(l t)er|? al u(t)H,

when u is a solution to the free Schrédinger evolution in R” x [0, 1].



General Framework

o u verifies ;u = (A+ iB) (Au+ V(x, t)u), f = 7ty

e Need to control H(t) = ||f(t)||%.

o f verifies |0:f — Sf — Af| < M|f|, S is symmetric and A is
skew-symmetric.

OrH(t) = 2R(0:f, f) = 2R(0:f — Sf — Af,f) + 2(Sf,f)
Is S a negative operator?
0?H = 20;Re (0;f — Sf — Af, ) 4+ 2(S:f + [S, A] f, f)
+ ||0:f — Af + SF||> — ||0:F — Af — SF||?

Is S¢f + [S, A] a non-negative operator?



e To get the log-convexity of H(t)
Ot log H(t) = 2R(0:f, ) = 2R(0:f — Sf — Af,f)/H + N(t).

o N(t) = 2(Sf,f)/H and

Il
N

ON(t) = 2 (Sef +[S, Al f, f) /H

+ (|0 F — AF + SFIP||FII — (R (0cf — Af + SF, f)) } /H?

[ N —

+ [(Re(8rf — AF = SF,£)) — ||0cF — Af = SFI2|FI]2] /12

Is S¢f + [S, A] a non-negative operator?



e To prove a Carleman inequality where the right hand side is
|O¢f — S — Af]|
the standard argument is to write
|0:f —Sf—AFf||? = HSsz—i-Hé?tf—Asz—ZRe/ Sfof — AFf dxdt,
but

_2Re / SFO.F — AF dxdt = / (Sef + [S, AIF, ) dt,

e It shows the relation between Carleman inequalities for evolutions
and logarithmic convexity properties of solutions.



Parabolic analog
e Assume that
|Au— dpu| < M(|u] + |Vu]) | |u(x, t)] < MeM?

in R” x [0,1] and |u(x,1)| < Cee % in R” for all k > 1. Then,
u=0inR" x [0,1].

x? ~ \SI
o lf e elf € L2(R"), f =

Then, f = 0.

A € [2(R") and 23 < 4.

o Let V € L*°(R" x [0,1]) and u verify
Oru = Au—+ V(x,t)u, in R" x [0,1],

1x2
u(0) € L2(R™), e #* u(1) € L?(R") and 3 < v/2. Then, u = 0.



