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Intro

An abstract problem

Problem

Let (X, ||-]|x) be a Hilbert space.
Consider the conservative system

{ 2(1) = Az(1), )
Z(O) =2y € X,
observed through

y(t) = Bz(t). )

Can we observe the time semi-discrete system ?

Sylvain Ervedoza Observability of time-discrete conservative systems



Intro
Conservative system

@ A:D(A) — X is a skew-adjoint operator.
—> The energy ||z(t)|| x is constant.

@ A has a compact resolvent.
= Its spectrum is discrete.

@ Spectrum of A:
o(A) = {in;: j€N}
with (1)jen real numbers, associated to an orthonormal

basis V;
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Intro
Examples

@ Schrddinger equation in a bounded domain: A= —A + BC.

@ Linearized KdV equation in a bounded domain: A = Oxxx +
BC.

@ Wave equation in a bounded domain:

0 Id
A (29)
@ Maxwell's equation
o ...
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Intro
The observation

e B: D(A) — Y, Be S(D(A), Y).

Definition
B is admissible if

)
/0\|Bz(t>\|2ydtsm||zo||§ vz eDA).  (3)

Definition

B is exactly observable in time T > 0 if

i
kr 203 < /0 IBz(h)[2dt  VzoeDA).  (4)
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Intro

A natural time-discretization: implicit midpoint

Consider the following time-discretization

k+1 _ k k+1 | ok
{Z Z:A(z +z), in X, kez

At 2
20 given,

with the output function
yk=BzK, ke

~ The discrete system is conservative.
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Intro

Time semi-discrete observability

To get a uniform in At discrete observability estimate for the
solutions of the time semi-discrete equation

S VR S ) P

@ Observability and controllability are dual notions*.

@ The inequality (6) shall be derived uniformly with respect to
At for practical purpose in controllability theory, namely to
guarantee the convergence of discrete controls’.

*Lions, 1988, SIAM Review
tZuazua, 2005, SIAM Review
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Intro

The main tool : Resolvent estimate

Theorem (Burq & Zworski, 2004, J. AMS, and Miller, 2004, JFA)
Assume A is skew-adjoint with compact resolvent, and B is
admissible.

Then the following assertions are equivalent:

@ The continuous system (1)—(2) is exactly observable in
some time T > 0;

@ There exist constants M, m > 0 such that

M2 ||(iwl — A)z|5 + m? ||Bz|)% > |l zII%, (7)

forall w € R, z € D(A).

Besides, (7) implies observability in any time T > =M.
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Related works

@ Controllability of space semi-discrete system: Zuazua,
2005, SIAM Review.
@ Controllability of time semi-discrete wave equations:

e Muinch, 2005, M2AN: The 1-d wave equation.
e Zhang, Zheng & Zuazua, 2007, Preprint: Exact
controllability of the time discrete wave equation.

— Spurious high frequency waves
— Filtering Technics.

Cs = span {V; : the corresponding iy; satisfies |u;| < s}.
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Results Midpoint General Applications

Statement of the result

Theorem

Assume that B is an admissible operator for A, (A, B) satisifies
the resolvent estimate (7) and that

1Bz]ly < CglAz].

Then,

V8 > 0,3T5,3Aty > 0,¥T > Ty, Ikrs > 0, YAt € (0, Aty), the

solution z¥ of (5) satisfies

2 2

0 k 0

Fsat 5 [s4f, veecyn
ke(0,T/At)

kT,(g ‘Z
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Results Midpoint General Applications

Remarks

e T5 can be chosen as

)

Ts = [M2(1+ (22)2 + mzcgf;}”z

which yields #M when § — 0.
e Order 1/At is the right scale!
@ We cannot go beyond this scale @ !
@ No smallness condition of the filtering parameter ¢ !

aZhang, Zheng & Zuazua, 2007
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Results Midpoint General Applications

Resolvent estimate=-Observability: Continuous case

Given z¥ € X, set z(t) the solution of the continuous system,
and define, for x € C5°(R),

g(t) = x(t)z(t),  f(t) = g'(t) — Ag(t) = X' (D)2(1).
Then f(w) = (iw — A)g(w). Apply the resolvent estimate to

I8 1 < m?||Bate)|[ + M2 )|

o

After integration in w and Parseval’s identity

([xw2 ot we [wpa)|2] < [aw? 180 o

X
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Results Midpoint General Applications

A slightly more general statement

Consider a family of vector spaces X5 o; C X and a sequence
of unbounded operators (Aa¢, Bat) S.t.

(H1) VAt > 0, Aat is skew-adjoint on X5 At, and
AAthS,At C X&,At is such that

1)
[Asizlly < 1= 1Zlx 2 € Xsat, VAL 0.

(H2) 3Cpg such that
1Batz|ly < CgllAntzlly,  VZ € Xsat, VAL> 0.

(H3) M, m>0,vVz € X(S,At N D(AA[’)7VCL) € R, VAt > 0,

, 2
M2 ||(Ant — iwl)z|l + mP || Baez|l§ = |12l
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Results Midpoint General Applications

General statement

Theorem
Under (H1)—(H3), 375,V T > Ts, 3kt 5, VAt small enough, the
solution of

Zh+1 _ Sk Zk+1 4 7k .

T—AAI( 5 >, N XS,AH kGZ,.

with 20 € X; 5 satisfies

2 2
kazOHXgAt 3 HBmzkHy, V2% € X5 ar.

ke(0,T/At)

Moreover, Ts can be taken as before.
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Results Midpoint General Applications

General conservative schemes

Abstract conservative scheme given by
2K = Tp 2K, vk = Bz, 8

where T A is a linear operator such that :
o EI)\j,Ata TAtwj = eXp(i)\j’AtAt)\Uj.
@ There is an explicit relation between \; A; and p;:

’
Njat = I, h(u;AAt),

where h: R — (—m,7) is an increasing smooth function
satisfying
h(n)

[im —~% =1.
n—0 7
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Results Midpoint General Applications

Theorem
Assume that (A, B) is admissible and observable in the
continuous setting, and B € £(D(A), Y).

Again, discrete observability holds uniformly in At for any
2% € Cs/nr:

5 2

kral|l 2 <ot 3
ke(0,T/At)

k o Sk+1
g(% +2z >
2

"
Besides, we have the estimate on Tj:

Ts<m [M2<1 + tan2<h(25) ) )2 s {cos‘;?(/f(?fgz/2)}

1/2
+ m?C3 ;TJSD(; {5tan<h(2n)) }Ztan4 <h(25))] .
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Results Midpoint General Applications

Sketch of the proof

Idea: Put the discrete system (8) into the form
Zh+1 _ Sk

2k Zk>
At ’

:AA’< 2

in X5,At7 k ez,

and apply the previous theorem.

— Need to prove a uniform resolvent estimate for Ax;.
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Results Midpoint General Applications

Application 1: The 4th order Gauss Method

2
H,‘ZA(ZK—I—AtZOz,'jKV,'), i:1,2,
j=1

2 = 24 Bl 4wy,

2°% € Cs/p¢ given,

ENEN
ENEN

_¢6§>
o

— Uniform admissibility holds for § < 2v/3: Here,

ENE

\

h(n) = 2arctan (ﬁ)
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Results Midpoint General Applications

Application 2: The Newmark method

Consider

u+ Apu=0, _
{ (U(O),OU(O)) Ly, YO =Bu(),

where Ay is selfadjoint.
Newmark method with parameter 5 > 1/4:

UK 4 kT ok
(A
(UO +u' U —u
2 7 At

+ Ao (BUKTT 4 (1 = 28)uF + Ut =0,

0

yk+1 — yk )

)=o) ye = B(U

Observability holds uniformly in At !
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Results Midpoint General Applications

Other applications

@ Boundary observation of the Schrédinger equation.
@ Boundary observation of the linearized KdV equation.
@ Boundary observation of the wave equation.

@ And alot more...
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Further comments
Fully discrete schemes

Due to the explicit estimate, we can deal with fully discrete
schemes.

@ First, study the space semi-discrete equations:
z=Apz, y(t)=Bpz(t)

and prove that admissibility and observability hold
uniformly in h > 0%,

© Second, use the previous theorem to obtain uniform

observability in h, At > 0 for the fully discrete scheme, for
instance

Zk+1 _ Zk Zk 4 Zk+1
202

k k
At 2 ) y" = Bnz".

A lot of results exists | See Zuazua, 2005, SIAM Rev.
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Further comments
On the time estimate

Consider the wave equation in a domain 2 observed in a
subdomain w.

In this case, the optimal time T* of control is given by the
Geometric Control Condition: Roughly, all the rays of
Geometric Optics shall encounter w in a time smaller than T.

For the time-discrete wave equation, we can use the formalism
of the bicharacteristic rays to derive the rays. The relevant
quantity is then the group velocity?

Group velocity
Our method accurately measures the group velocity !

$Trefethen, 1982, SIAM Rev.
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Open Problems
Open problems

@ Improve the time estimate.
@ Weak observability ? Spectral characterization ?

@ Spectral characterization of the observability for non
conservative system ?
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Open Problems
Open problems
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Open Problems
Thanks

Thank you for your attention !

Related paper:
On the observability of time-discrete conservative linear
systemsY, S.E., Chuang Zheng & Enrique Zuazua, 2007.

More details available by email at
sylvain.ervedoza@math.uvsq. fr

Tavailable on Enrique’s webpage
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