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» Sandwich (3 camadas ortotrépicas) : Qualquer material peles,
nicleos vérios, grande diferenca entre propriedades de peles e
nicleos, modos de deformacdo préprios, materiais ortotrépicos,
variacdo discreta de propriedades

» Funcionais (Functionally graded materials) : Metal-ceramica,
Prevencdo de delaminacdes, materiais isotrépicos, Variacdo
continua de propriedades
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Definicdes de materiais compdsitos

Materiais compostos por duas ou mais fases materiais;
Imensas op¢es; grande nimero de tipos de compdsitos;
Matrizes : poliméricas; ceramicas; cimenticias; metalicas;

Fibras : vidro; carbono; aramidas;

vV v v v Y

Material < camada; Estrutura < Laminado




Aplicacdes




Propriedades

Matriz,fibra,camada,rigidez material e global

Micromecanica: prop. fases basicas — prop. camada
» Fibra (f) e matriz (m), médulo longitudinal
‘E1 = VeEr + VinEy
» Camada ortotrépica (mais comum) E; # Ep; Gio # E/(2+2v)
» Eixos materiais — eixos estruturais

» Rigidez membrana, flexdo, membrana-flexdo, corte plano, corte
transverso, correccdo de corte transverso

FEUP



Propriedades (2)

Relacdes constitutivas, Eixos materiais ortotropicos

o1 Quu Q2 O 0 0 €1
o Qi Qo O 0 0 €2
T2 = 0 0 Qs O 0 12
To3 0 0 0 Qu O Y23
T31 0 0 0 0 Qs 731
Qu = =2 Q2 = =22 Q2 = v21Qn

Q33 = G2 Qa4 = Go3 Qs5 = G31
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Propriedades (2)

Relacdes constitutivas, Eixos estruturais

Qu1 0 Exx
Tyy Q2 Q» @ 0 0 Eyy
T (= | Qo Qw6 Qe O 0 Yy
Tyz 0 0 0 Qi Qs Vyz
Tzx 0 0 0 Qus  Qss Vzx

FEUP



Mecanica de laminados

Camadas — Laminado

» camadas perfeitamente
ligadas

» material ortotrépico

> espessura uniforme

> deslocamentos e
deformacdes pequenos

> variac3o discreta de

propriedades (interfaces —
delaminagens)




Mecanica de laminados

Camadas — Laminado

« L
000 004 008 01z 016
Stress, 5,; (@/2,0,2)

Figure 11.4-7: Plots of constitutively derived (C) and equilibrium-derived (E)
(a) (b)

Variacdo continua das deformacdes e discreta das tensbes normais.

NL I
(N,',M,') = Z/ algk)(l,z)dz
k=1"%k—1

(i = xx,yy,xy)

NL gy
(Qx,Qy) = Z/ (U)(é)ao—)(/l;))dZ; (ze[—h/2,h/2])
k=1"%k—1




Outline

Materiais

Laminados sandwich

FEUP



Laminados sandwich

u]
o}
I
i
ht



Laminados sandwich

Colaboracido com INETI




Laminados sandwich
Dificuldades

Modos instaveis
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Materiais funcionais
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» Materiais funcionais gradativos [Functionally graded materials
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Materiais funcionais

R
10 mem 10mm

» Materiais funcionais gradativos [Functionally graded materials
(FGM)] - mistura adequada de materiais metalicos e
ceramicos, por forma a formar barreiras térmicas, eliminar

delaminacdes
» Variag¢do continua (gradientes) de propriedades
» Diferencas de coeficientes de dil. térmica — tensdes residuais




Homogeneizacdo de propriedades

Evolucdo da fraccdo volimica na espessura

Frac¢do volimica de material 1 (cerdmico)
Vi=(3+2)7., Vai(—h/2) =0, Vi(h/2) =1
p = 0: Ceramico; p — oco: metal
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Homogeneizacdo de propriedades

Lei de misturas e Mori-Tanaka

Lei das misturas

E(z) = metal V2 + Eceramica V1
v(z) = Y metal V2 + Veeramica V1
6(z) - —
z) =
2+ 2v
Mori-Tanaka
K — Ky Vo
K. Kz — K:
K> — Ka 14+(1— Va) 2 1
Ky + §G1
G- G Vo
— Gl G — G
G2-C1 )2
Gy +f1
G1(9K1 +8Gy)
comfy = —————~,
6(K1 + 2G1)
9KG 3K — 2G
E(z) v(z) =

T3K+ G T 26K+ G)
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Objectivos das teorias de deformacdo

Objectivos

v

Capturar deslocamentos transversais (e outros)
Capturar tensdes normais (descontinuas)
Capturar tensdes de corte transverso (continuas)
Correcgdo de corte transverso (a evitar)

Mudanga de inclinacdo da normal a s. média (nas layerwises)

vV v v VvY

Anulacdo de tensGes nas superficies +h/2

FEUP
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Grupos de teorias de deformacao

» Camada (nica: graus de liberdade afectos a todas as camadas
(ou seja ao laminado); vantagem de n°® constante de g.d.l.

» Layerwise (zig-zag): graus de liberdade ligados a cada camada;
desvantagem do grande n°® de g.d.l.
Escolha de teoria

» Camada (nica: mais adaptado para laminados monoliticos

» Layerwise (zig-zag): melhor para sandwich ou piezoelétricos

FEUP
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Teorias camada Gnica

» Classica

» Primeira ordem : Mindlin/Reissner, Ferreira 1

» Terceira (4) ordem : Reddy, Kant, Lo; Ferreira et al. 2

YFerreira, Composite Structures, 2003 i
%Ferreira/Roque/Martins, Composites Part B: Engineering, 2003 ET




Teorias camada Gnica

» Classica
» Primeira ordem : Mindlin/Reissner, Ferreira 1
» Terceira (+) ordem : Reddy, Kant, Lo; Ferreira et al. 2

» Trigonométrica : Naik, Arya, Shimpi (Vigas), Ferreira et al. 3

YFerreira, Composite Structures, 2003 i
%Ferreira/Roque/Martins, Composites Part B: Engineering, 2003 ET
3Ferreira/Roque/Jorge, Computers & Structures, 2005




Teoria classica e de 19 ordem

Objectivos
> TCL (3dof):

Owo(x,
Uk(X,y7Z) = UO(Xay)_zvvoa(;(y)

owg(x,
Vk(vaaz) = VO(X>y)_ZOa(yy)
W(Xayaz) - WO(Xa.y)
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Teoria classica e de 19 ordem

Objectivos
> TCL (3dof):

Owp(x,
uk(xayvz) = UO(Xay)_z%
Iwp(x,
Vk(X,y,Z) = VO(X7y)_Z%
W(X,y,Z) = WO(Xay)
» 12 ordem (5dof):
Uk(X,y,Z) - UO(X7.y)_26X(X7y)
VF(x,y,2) = wlxy)—z0y(x,y)

W(x,y,z) - WO(va)



Teorias de ordem superior
Reddy, Kant

» Teoria de terceira ordem (Reddy)(5dof)
u(x,y,z) = uo(x,y) + 20 — a1 2> <9x + aw) ;

V(Xa.y7z) = VO(X7y) +Z€y - C]-Z3 (9}/ + 6‘;/) )

W(X’Yaz) = WO(X7}/),



Teorias de ordem superior
Reddy, Kant

» Teoria de terceira ordem (Reddy)(5dof)

U(Xa}’az) = Llo(X,y) + z0, — clz3 <0x + 8_W) ,
Ox
3 ow
V(X,y,Z):VO(X,y)‘FZey—ClZ 9y+a 5
w(x,y,2) = wo(x,y),

» Teoria de terceira ordem (Kant)(7dof)

u(x,y,z) = uolx.y)+20.(x,y) + 2°65(x,y)
V(X,y,Z) VO(Xay)+Zay(xv)/)+z39;(xay)
W(Xa.yaz) - WO(X1y)



Caracteristicas

» Classica (sem corte transverso) : pouco usada em situagdes de
placa ou casca espessa
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Figure 11.4-6: Plots of constitutively derived (C) and equilibrium-derived (E)
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Caracteristicas

» Classica (sem corte transverso) : pouco usada em situagdes de
placa ou casca espessa

» 12 ordem : necessita correccio de corte transverso

» 3% ordem : n3o necessita de correccdo de corte anula tensdes
de corte transverso em +h/2

» Trigonométricas : ndo corrige o corte; anula tensdes de corte
transverso em +h/2

‘Thickness coordinate, z/A

50- |
000 010 020 030 040 050 080
Stress, 52 (0,6/2,2)

Figure 11.4-6: Plots of constitutively derived (C) and equilibrium-derived (E)




Trigonométrica: deslocamentos e deformacdes de corte
transverso®

9 s . Tz

Kooy ) = uolay) — 2200 e T 0 ()
Ax h
2] s . Tz

Kloys) = voley) — 22200 4 in T2 ()
dy h

w(x,y,z) = wol(x,y)

{mtrei{ o}
Vxz h h Ox

B T Y Y] 2
u

Fig. 2. Normalized stresses, (7, ) and in-plane displacement, # for an isotropic square plate, with N = 15, a/h = 10. @}

*Ferreira/Roque/Jorge, Computers & Structures, 2005



Trigonométrica: deslocamentos e deformacdes de corte

transverso®

®Ferreira/Roque/Jorge, Computers & Structures, 2005
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Teorias de deformacio

Teorias layerwise



Abordagens

» Polinomiais (Owen+Li, Ofiate+Botello, Ferreira °,7)

8Mechanics of Advanced Materials and Structures, 2005
7]. J. Mechanical Sciences, 2004




Abordagens

» Polinomiais (Owen+Li, Ofiate+Botello, Ferreira ,7)

» Trigonométricas (Naik, Shimpi, Roque et al.?)

8Mechanics of Advanced Materials and Structures, 2005
7I. J. Mechanical Sciences, 2004 5
8Composites: part B, 2005




Caracteristicas

» Graus de liberdade por camada, evolucdo em zig-zag dos
deslocamentos, potencial grande niimero de graus de liberdade
por nd
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Caracteristicas

» Graus de liberdade por camada, evolucdo em zig-zag dos
deslocamentos, potencial grande niimero de graus de liberdade
por né

» Pode (ou n3o) anular tensdes de corte transverso em +h/2

z

Ithlayer Np---
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Deslocamentos nas peles e nicleo
Imposicdo de continuidade nas interfaces, Ferreira, MAMS, 2003, 2005

H
;u_% CORE (camada central)

u®( )p(2)

x,y,2) =ug(x, y) + 22 of

V@ (x,y, 2) =vo(x, y) + 26

- 8y
\ w®(x,y,2) =wo(x, y)

Peles superior e inferior

h h;
oy, 2) =uo(x, v) + 262 + 26 1 2

h h
vO®)(x,y,2) =vo(x, y) + 72‘9;'2) + 73‘9;3) +230()

w®(x,y, z) =wo(x, y)

h h
........................... =z u®(x, y, z) —uo(x, y) — ?295(2) _ ?10)((1) +Z(1)95(1)
1 ha oy h1 1 1),
7 0 vy, 2) =0l ) = 202 = R0+ 2ol

w®(x,y, z) =wo(x, y)

ion of the I iseki i
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Solucdo por funcdes de base radial
Método de Kansa
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Opcdes actuais

» Formulacdes fracas, Elementos finitos, EFG, MLPG, ...

» Formulacdes fortes (PDEs), Funcdes de base radial e
pseudoespectrais

» Método hibrido (RBF-PS) : Ferreira e Fasshauer, 2005
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Introducdo

= ol

» Conjunto de nés xi, xo, ..., xy € 2 C R".
» Funcdes de base radial centradas em

xj: 9j(x) = ¢([lx —x;[) eR",j=1,... N
> ||x — x;||: Norma Euclidiana

» Multiquadrics : ¢;(x) = (||x — x;||> + cz)%




Algumas RBFs

Multiquadrics:

Inverse Multiquadrics:
Gaussians:

"Thin plate splines':
'Shifted Thin plate splines’:

(x) = (Ix = x> + )12,

(%) = (Ix = xV|? + )72,
i(x) = e I=x11®

(x) = [[x = x9|* log |x — x1||

(x)

¢j x) — (HX 7X(j)||2 + C2)2m |Og(||X _ X(j)||2 + C2)

FEUP
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Problema de fronteira (BVP)

Colocacdo assimétrica Método de Kansa, 1990

BVP

» Dominio: Lu(x) = s(x) C R”

» Fronteira: Bu(x)jaq = f(x) € R”
Interpolacio

» Interpolante uh(x, c)= Zszl ajo(llx — x;l|, ¢)

» Derivadas (c0): d;XLf,h = JNlaj an(HX x|l ¢)

Colocacdo

» Colocacdo no Dominio:

uf(x,c) = 31 ailé(||x — x|, €) = S(x;), i = Np1, ..



Problema de fronteira (BVP)

Colocacdo assimétrica Método de Kansa, 1990

BVP
» Dominio: Lu(x) = s(x) C R”
» Fronteira: Bu(x)jaq = f(x) € R”

Interpolacio

» Interpolante uh(x, c)= Zszl ajo(llx — x;l|, ¢)

» Derivadas (c0): d;XLf,h = JNlaj an(HX x|l ¢)

Colocacdo

» Colocacdo no Dominio:

ulf_'(xv c) = Zszl ajL¢(||x - Xj”a c) =S(x;),i = Npy1,...., N
» Colocacdo na Fronteira: ®

uhx.c) = S aBo(Ix —xjl.0) = F(x).i=1...Ns &



RBFs - Sistema global

Lo1(x1)
G =

L¢1(X-N—M)

Bo1(xn-m+1)
GB = .

Boi(xn)

L¢N(X1) ]

L(bN()-(N—M)
Bon(xn-m+1) ]

Bow(xw)

W = |: GB ] € RNXN, b= (S(Xl)7 ...,S(XN,/\//), f(XN,MJrl), vy f(XN)) S RN

Wa=b;a=W"1b

N

o(x,¢) = Y a(lx —x]l.0)

Jj=1




Solucdo de Problemas de Val. e vectores préprios

Dominio



Solucdo de Problemas de Val. e vectores préprios

Dominio

> N aild (|Ix — yill) = M(x;),j = 1,2, .., Ny



Solucdo de Problemas de Val. e vectores préprios

Dominio

> N aild (|Ix — yill) = M(x;),j = 1,2, .., Ny
» Lo =20



Solucdo de Problemas de Val. e vectores préprios

Dominio
> N aild (|Ix — yill) = M(x;),j = 1,2, .., Ny
» Lo =o'

» L = (Lo (Ix = ¥l xcns




Solucdo de Problemas de Val. e vectores préprios

Dominio
> N aild (|Ix — yill) = M(x;),j = 1,2, .., Ny
» Lo =o'

» L = (Lo (Ix = ¥l xcns

Fronteira




Solucdo de Problemas de Val. e vectores préprios

Dominio
> N aild (|Ix — yill) = M(x;),j = 1,2, .., Ny
» Lo =o'

» L = (Lo (Ix = ¥l xcns

Fronteira
» SN ailgd(Ix —yil) = 0,5 = Ny +1,... N




Solucdo de Problemas de Val. e vectores préprios

Dominio
> N aild (|Ix — yill) = M(x;),j = 1,2, .., Ny
» Lo =o'

» L = (Lo (Ix = ¥l xcns

Fronteira

» SN ailgd(Ix —yil) = 0,5 = Ny +1,... N
» Ba=0




Solucdo de Problemas de Val. e vectores préprios

Dominio

> N aild (|Ix — yill) = M(x;),j = 1,2, .., Ny
» Lo =o'

» L = (Lo (Ix = ¥l xcns

Fronteira

» SN ailgd(Ix —yil) = 0,5 = Ny +1,... N
» Ba=0

Problema generalizado VVP

§Jo-o[ 4]



Outline

Solucdo por funcdes de base radial

Exemplos diversos



Problema dindmico, 1D equacdo de calor

1D heat-conduction problem-A comparison of the present model (N=5, 10 and 15) with
exact solution and finite element solution of Reddy, Ferreira et al. J. of Sound and
Vibration, 2005

Ou 8%u Ou
— — —— =0, 0<x<1; u(0,t)=0,—(1,t)=0
ot Ox? Ox

Initial condition: u(x,0) = 1.

Fig. 1. Regular grid used for heat-conduction problem; o — boundary nodes; « — interior nodes.

o1 02 03 04 05 08 o7 o8 0o 1
t(ume)

Fig. 2. 1D heat equation results; —&—, N =5; ——, N =10; uglym, N=15.




Problema dindmico, 1D equacdo de calor

1D heat-conduction problem-A comparison of the present model (N=5, 10 and 15) with
exact solution and finite element solution of Reddy Ferreira et al. J. of Sound and
Vibration, 2005

Time

t Reddy Exact solution N = N =10 N =15
0.00 1.0000 1.0000 1.1103 1.0000 1.0000
0.10 0.9549 0.9493 0.9607 0.9520 0.9502
0.20 0.7731 0.7723 0.7541 0.7749 0.7726
0.30 0.6006 0.6068 0.5786 0.6097 0.6069
0.40 0.4741 0.4745 0.4430 0.4775 0.4746
0.50 0.3701 0.3708 0.3392 0.3738 0.3709
0.60 0.2890 0.2897 0.2596 0.2926 0.2898
0.70 0.2258 0.2264 0.1987 0.2290 0.2265
0.80 0.1764 0.1769 0.1522 0.1793 0.1769
0.90 0.1378 0.1382 0.1165 0.1403 0.1383

1.00 0.1076 0.1080 0.0892 0.1098 0.1081

FEUP



Problema dindmico, Bernoulli beam

Transient Bernoulli beam-A comparison of the present model (N=9,11 and 15) with exact
(Galerkin) solution and finite element solution of Reddy Ferreira et al. J. of Sound and
Vibration, 2005

2w a*w

ot2 x4

ow ow

=0, 0<x<1 w(0,t)=0, —(0,t)=0,w(l,t)=0, —(1,t) =0
Ox Ox

Initial condition: w(x,0) = sin tx — 7x(1 — x); %—":(x, 0) =0.

A.J.M. Ferreira et al. | Journal of Sound and Vibration 280 (2005) 595-610
AJ.M. Ferreira et al. | Journal of Sound and Vibration 280 (2005) 595-610

o8
N a2 [ hon
o
g o
¢
an
o
-
o
T A
—
) o : 0 + % 5
ig- 4. Bernoulli beam results; *, Reddy [41]; =, Exact; ——, N=9; >, N =11; mfhen, N=15 Tme.

Fig. 5. Evolution of displacement with time.




Problema dindmico, Bernoulli beam

Transient Bernoulli beam-A comparison of the present model (N=9,11 and 15) with exact
(Galerkin) solution and finite element solution of Reddy Ferreira et al. J. of Sound and
Vibration, 2005

Time

t Reddy [FEM] Exact solution N = N =11 N =15
0.00 0.2146 0.2146 0.2146 0.2146 0.2146
0.01 0.2098 0.2157 0.2106 0.2095 0.2089
0.02 0.1951 0.1988 0.2005 0.2001 0.1985
0.03 0.1698 0.1716 0.1655 0.1674 0.1691
0.04 0.1350 0.1356 0.1186 0.1252 0.1304
0.05 0.0935 0.0925 0.0654 0.0738 0.0818
0.06 0.0483 0.0447 0.0214 0.0306 0.0384
0.07 0.0018 -0.0055 -0.0292 -0.0189 -0.0107
0.08 -0.0455 -0.0553 -0.0830 -0.0693 -0.0586
0.09 -0.0923 -0.1023 -0.1397 -0.1245 -0.1111
0.10 -0.1336 -0.1441 -0.1760 -0.1644 -0.1520
0.11 -0.1682 -0.1783 -0.1986 -0.1917 -0.1834
0.12 -0.1932 -0.2034 -0.2091 -0.2048 -0.1996
0.13 -0.2087 -0.2179 -0.2202 -0.2172 -0.2136
0.14 -0.2148 -0.2211 -0.2144 -0.2171 -0.2164

0.15 -0.2111 -0.2129 -0.1904 -0.2022 -0.2094

FEUP



Problema dindmico, Timoshenko beam

Transient Timoshenko beam-A comparison of the present model (N=7,9 and 15) with
exact solution and finite element solution of Reddy Ferreira et al. J. of Sound and
Vibration, 2005

P [GAk(aw )]70 1

AT o )T @
2o _ 0 [Ela¢]+GAk(6W+¢)70 @)
. at2 Ix Ix Ox -

o1 oz 0w ot

o oo 0%

008
t(tme)
Fig. 6. Timoshenko beam results. + == 1, Reddy [41]; = =, Galerkin; - -®. -, h=0.01, N=7; - + -, k=001, N=9; -c.,
h=001, N=11; ——, h=0.1, N=7; ——, h=0.1, N=9; -o-, h=0.1, N=11.




Problema dindmico, Timoshenko beam

Transient Timoshenko beam-A comparison of the present model (N=7,9 and 15) with
exact solution and finite element solution of Reddy Ferreira et al. J. of Sound and
Vibration, 2005

Time h =0.01 h=0.1

t Reddy [FEM] Galerkin N=7 N=9 N =11 N=7 N=9 N =11
0.00 0.2146 0.2146 0.2146 0.2146 0.2146 0.2146 0.2146 0.2146
0.01 0.2098 0.2157 0.2185 0.2113 0.2096 0.2080 0.2077 0.2079
0.02 0.1951 0.1988 0.1922 0.1972 0.1974 0.1887 0.1883 0.1875
0.03 0.1698 0.1716 0.1436 0.1659 0.1684 0.1622 0.1636 0.1652
0.04 0.1350 0.1356 0.1070 0.1207 0.1294 0.1347 0.1375 0.1379
0.05 0.0935 0.0925 0.0440 0.0723 0.0824 0.1028 0.1059 0.1064
0.06 0.0483 0.0447 -0.0236 0.0258 0.0379 0.0620 0.0663 0.0682
0.07 0.0018 -0.0055 -0.0699 -0.0235 -0.0102 0.0140 0.0202 0.0217
0.08 -0.0455 -0.0553 -0.1323 -0.0784 -0.0590 -0.0358 -0.0301 -0.0293
0.09 -0.0923 -0.1023 -0.1792 -0.1304 -0.1103 -0.0815 -0.0754 -0.0726
0.10 -0.1336 -0.1441 -0.1981 -0.1684 -0.1515 -0.1185 -0.1093 -0.1061
0.11 -0.1682 -0.1783 -0.2297 -0.1919 -0.1826 -0.1472 -0.1402 -0.1399
0.12 -0.1932 -0.2034 -0.2224 -0.2086 -0.2006 -0.1735 -0.1693 -0.1666
0.13 -0.2087 -0.2179 -0.1952 -0.2202 -0.2141 -0.1979 -0.1934 -0.1922
0.14 -0.2148 -0.2211 -0.1744 -0.2169 -0.2169 -0.2129 -0.2108 -0.2118

0.15 -0.2111 -0.2129 -0.1242 -0.1923 -0.2079 -0.2142 -0.2161 -0.2157

FEUP



Problema de fronteira (BVP)

Teoria de 1° ordem, laminados compésitos, equacdes de movimento,[Ferreira et al. ,
CMAME, 2005]

2 2 2 2 2 2
D11 B@XG: + D1g E)axezy + (D12 + Des) ZXZ'; +2D16 2)(2; 66 By; + D2¢ B@y@zy +
— kAgs <9y + 81) — kAss <9x + al) =1 920
dy Ox ot2
2 2 2 2 2 2
D16 Z;ngx + Dee 8x92y + (D12 + Des) ;’XZ; +2D2¢ BXZ; D2¢ E;ygzx + D22 Z;yezy +
— kAsa (9y + Bl) — kAss (9x + 81) =1h 20y
Ay Ox ot2

o [kA (g +8W>+kA <9 +aw)]+
x a5 | Oy 2y 55 ( Ox + ——

9 [kA (0 +aw>+kA (9 +6W>] i
ay 44 y dy 45 x Ox =10 9t2




Problema de fronteira (BVP)

Teoria de 1° ordem, laminados compésitos, equacdes de movimento:interpolacdo por
RBFs

8%0; 8%0; Ny, 0%6;
Wx y
D11 E STy +D151§1£¥ ox2 L 4 (D12 + Des) 15:1041 8xc’?y
9%0; 820 v 026;
w v y
2D36 E a; X + Des E a; X
i BXB Ay’

N N 005 L N 56; LA
—KAss | D ;Y 0;+ > o} 6—’ —KkAss [ D a*0; +> o aT: =-ho® Y a*0;  (3)

A . y . s P

=1 j=1 j=1




Problema de fronteira (BVP)

Interpolacdo na fronteira

(a) Bordo simplesmente apoiado

w70—>Za ¢j =0

N
SV Z vy 99 S (a7 200 | x 0%
Mp, =0 — <D11 a X —= +D a +D15- (aj E-%—ajxw +

=1

N N N
99 vy, 94; vy 9¢; 99;
2nyny <D1z > a}’x—al + D22 a_,-y—al + D26 » (ajy—al +a;y"—a’> +
- x X X y

j=1 =1

v “’yad’J vy 99 _ iR
(DmZa X—+D Za —+D Z( al.xg =0 s



Problema de fronteira (BVP)

Interpolacdo na fronteira

(a) Bordo simplesmente apoiado
> SS1, w=0;Mp =0;Mps =0

N
we0— > ae; -0

N
v v, 00 v 06
Mp =0 — <D11§ aw" i 4Dy E ay +D15_§:<°‘jy 8;]-%—&!."—8;) +

ji=1

N N N
09; v, 0d;j vy, 0¢j 0¢;
2nyn, <D12 > a}!’xa—’ + D22 > :ajya—x’ + D26 » (ajya—xl +a}"xa—y’) +
X

ji=1 j=1 j=1

w Wya¢1 vy 99 _ -
(DmZa X—+D Za —+D Z( ozl.xg =0 s



Problema de fronteira (BVP)

Interpolacdo na fronteira

(a) Bordo simplesmente apoiado

> SS1, w=0;Mp =0;Mps =0
> SS2, w=0;M, =0;0s =0

N
weo— > afe; -0

N
v “’y vy 0¢; vy 99j
Mp, =0 — <D115 ax +D E a +D15-E (aj E-%—ajxw +

=1

N N N
0¢; v, 0;j vy, 0¢j 0¢;
2nyn, <Dn§ a}’xa—’+ozz§:ajy6—’+ozs§ (ajya—’ +a}’xa—’)>+
x X x y

j=1 j=1 j=1

w Wya¢1 vy 99 _ -
(DmZa X—+D Za —+D Z( ozl.xg =0 s



Problema de fronteira (BVP)

Interpolacdo na fronteira

(a) Bordo simplesmente apoiado

> SS1, w=0;Mp =0;Mps =0
> SS2, w=0;M, =0;0s =0

(b) Bordo encastrado, w = 0;6, = 0;6s; =0

N
weo— > afe; -0

N
v “’y vy 0¢; vy 99j
Mp, =0 — <D115 ax +D E a +D15-E (aj E-%—ajxw +

=1

N N N
0¢; v, 0;j vy, 0¢j 0¢;
2nyn, <Dn§ a}’xa—’+ozz§:ajy6—’+ozs§ (ajya—’ +a}’xa—’))+
x X x y

j=1 j=1 j=1

. v a¢ . 0%
(DmZa“’—+D Za —+D Z( Lgaii a}” 7;))20



Problema de fronteira (BVP)

Interpolacdo na fronteira

(a) Bordo simplesmente apoiado
>SS, w=0;Mn = 0; Mns = 0
> SS2 w=0;M, =0;0s =0

(b) Bordo encastrado, w = 0;6, =0;6; =0
(c) Bordo Livre, @, =0; M, =0; M,s =0

w70—>Za ¢j =0

N
vy 0% v, 09; vy, 06y, 0¢;
Moo= <D“Z i P2 Z‘”ax“’ (7 Shear g )

=1

N N N
0¢; v, 0;j vy, 0¢j 0¢;
2nyn, <Dn§ a}’xa—’+ozz§:ajy6—’+ozs§ (ajya—’ +a}’xa—’)>+
x X x y

j=1 j=1 j=1

(DmZa“’X—+D Za —+D Z(“’yad” a}”xfj%)):o



Placa laminada Cross-ply (0/90/90/0) carga sinusoidal

Formulacdo Layerwise, poliharmoénicas, Ferreira, [JMS, 2004

<

000000000
cecsscssee

Camadas de igual espessura, lado a, espessura h, laminado (0/90/90/0). Simplesmente apoiado.

Presséo:
. X\ Ty
pz = Psin | — | sin | —
a a

Propriedades materiais:
Ey = 25.0E> Gy = G33 = 0.5E; Ga3z = 0.2E> vi2 = 0.25

Adimensionalizacéo:

- 102w(a/2,a/2,0)h3E;, — oxx(a/2,a/2, h/2)h? — ayy(a/2,a/2, h/4)h?
Pa% > Pa? 4 Pa2
_ T2x(0, a/2, firstlayer)h _ Txy(a, a, h/2)h2
B2 S — Txy = ————5

Pa Pa2




Placa laminada Cross-ply (0/90/90/0) carga sinusoidal

Formulacdo Layerwise, poliharmoénicas, Ferreira, [JMS, 2004

% [ Method [ w Tx Gy Tzx Txy
4 Finite strip [Akhras] 1.8939 0.6806 0.6463 0.2109 0.0450
HSDT [Reddy] 1.8937 0.6651 0.6322 0.2064 0.0440
elasticity [Pagano] 1.954 0.720 0.666 0.270 0.0467
MQ [CompB, 2003](N=21) 1.8864 0.6659 0.6313 0.1352 0.0433
present, layerwise (N=11) 1.8990 0.6505 0.6227 0.2078 0.0418
present, layerwise (N=15) 1.9023 0.6396 0.6236 0.2147 0.0429
present, layerwise (N=21) 1.9056 0.6420 0.6257 0.2160 0.0437

; [ Method [ w Tx Ty Tzx Txy
10 Finite strip [Akhras] 0.7149 0.5589 0.3974 0.2697 0.0273
HSDT [Reddy] 0.7147 0.5456 0.3888 0.2640 0.0268
elasticity [Pagano] 0.743 0.559 0.403 0.301 0.0276
MQ, COMPB, 2003 (N=21) 0.7153 0.5466 0.4383 0.3347 0.0267
present, layerwise (N=11) 0.7250 0.5434 0.3930 0.2888 0.0267
present, layerwise (N=15) 0.7277 0.5466 0.3942 0.2950 0.0269
present, layerwise (N=21) 0.7298 0.5485 0.3951 0.2980 0.0271

FEUP



Placa laminada Cross-ply (0/90/90/0) carga sinusoidal

Formulacdo Layerwise, multiquadricas, Ferreira, MAMS,2005

i Method w Tx Ty Tzx Txy
4 3 strip [Akhras] 1.8939 0.6806 0.6463 0.2109 0.0450
HSDT [Reddy] 1.8937 0.6651 0.6322 0.2064 0.0440
FSDT [Akhras] 1.7100 0.4059 0.5765 0.1398 0.0308
elasticity [Pagano] 1.954 0.720 0.666 0.270 0.0467
Third-order [ferreira.comp.part.b.2003] (N=11) 1.8804 0.6665 0.6292 0.1415 0.0423
Third-order [ferreira.comp.part.b.2003] (N=15) 1.8846 0.6660 0.6307 0.1372 0.0429
Third-order [ferreira.comp.part.b.2003] (N=21) 1.8864 0.6659 0.6313 0.1352 0.0433
present (N=11) 1.9024 0.6402 0.6241 0.2149 0.0437
present (N=15) 1.9063 0.6424 0.6261 0.2162 0.0440
present (N=21) 1.9075 0.6432 0.6228 0.2166 0.0441
10 3 strip [Akhras] 0.7149 0.5589 0.3974 0.2697 0.0273
HSDT [Reddy] 0.7147 0.5456 0.3888 0.2640 0.0268
FSDT [Akhras] 0.6628 0.4989 0.3615 0.1667 0.0241
elasticity [Pagano] 0.743 0.559 0.403 0.301 0.0276
Third-order [ferreira.comp.part.b.2003] (N=11) 0.7142 0.5464 0.4380 0.3267 0.0264
Third-order [ferreira.comp.part.b.2003] (N=15) 0.7150 0.5465 0.4382 0.3305 0.0266
Third-order [ferreira.comp.part.b.2003] (N=21) 0.7153 0.5466 0.4383 0.3347 0.0267
present (N=11) 0.7281 0.5469 0.3943 0.2960 0.0270
present (N=15) 0.7302 0.5489 0.3953 0.2980 0.0272
present (N=21) 0.7309 0.5496 0.3956 0.2988 0.0273

FEUP



FSDT , Placa laminada Cross-ply
The normalized fundamental frequency of the simply-supported cross-ply laminated square
plate [0°/90°/90°/0°] (W = (wa®/h)\/p/E2, h/a = 0.2) Ferreira et al., CMAME, 2005

Method Grid Ey/E>
10 20 30 40
Liew 8.2924 9.5613 10.320 10.849
Exact (Reddy, Khdeir) 8.2082 9.5671 10.326 10.854
Present 7X7 8.4011 9.6793 10.430 10.966
9x9 8.3402 9.6130 10.372 10.899

11 x 11 8.3181 9.5889 10.348 10.876
13 x 13 8.3101 9.5801 10.349 10.864




FSDT | Placa laminada Cross-ply
The normalized fundamental frequency of the 3-layer [0°/90°/0°] laminated square plate
with various boundary conditions and span to thickness ratios
(w = (wa®/h)\/p/Ez, E1/E> = 40), Ferreira et al., CMAME, 2005

a/h Method Grid SS SC CC
2 Liew 5.205 5.210 5.257
Exact (Reddy) 5.205 5.211 5.257
Present 7xX7 5.238 5.242 5.257
9x9 5.218 5.223 5.269
11 x 11 5.211 5.217 5.263
5 Liew 10.290 10.647 11.266
Exact (Reddy) 10.290 10.646 11.266
Present 7X7 10.380 10.715 11.316
9x9 10.326 10.673 11.285
11 x 11 10.307 10.658 11.274
10 Liew 14.767 17.176 19.669
Exact (Reddy) 14.767 17.175 19.669
Present 7X7 14.956 17.317 19.743
9x9 14.845 17.299 19.693
11 x 11 14.804 17.199 19.678
100 Liew 18.769 28.164 40.004
Exact 18.891 28.501 40.743
Present 7x7 15.679 28.088 43.359
9x9 17.758 28.125 41.210
11 x 11 18.355 28.165 40.234

FEUP



FSDT , Placa laminada Cross-ply (SKEW)

The normalized natural frequencies of the clamped cross-ply skew laminates
[90°/0°/90°/0° /90°]] with various skew angles

(w = (wa®)/(7*/h)\/p/Ez, E1/E2 = 40, a/h = 10), Ferreira et al., CMAME, 2005

a
Y
PO
XXX XEX)
000000000 @
©000000000®
000000000CE
60000000®
000000COS®
000000 ®
00000e
6000e
000 e z
Method Grid o = 15° a =30 o = 45° o = 60° a =75 a = 90
Liew 9.3485 4.9430 3.4723 2.7927 2.4725 2.3790
Wang - - 3.4738 2.7921 - 2.3820
Present 7xX7 9.3489 4.9771 3.5355 2.8802 2.5791 2.4901
9x9 9.3577 4.9626 3.5066 2.8223 2.5126 2.4221

11 x 11 9.3575 4.9541 3.4923 2.8005 2.4932 2.4021




RBF - Materiais funcionais
Aluminio (Al) e zirconia (ZrO2)

Al: E,, =70 GPa , v, = 0.3, pp = 2702kg/m’

Zr02: E, =200 GPa ,v, = 0.3, p, = 5700kg/m>




RBF - Materiais funcionais

Fundamental frequency of a simply supported square thick Al/ZrO> FG plate, Mori-Tanaka scheme,

third-order deformation theory, V5 = (% + i)P, p =1, Ferreira et al., Composite Structures, 2005
h/a = 0.05 h/a=0.10 h/a=0.20
Present Batra Exact Present Batra Exact Present Batra Exact
0.0147 0.0149 0.0153 0.0592 0.0584 0.0596 0.2188 0.2152 0.2192
Fundamental frequency of a simply supported square thick Al/ZrO» FG plate, Mori-Tanaka scheme,
third-order deformation theory, h/a = 0.2
p=2 p=3 p=2>5
Present Batra Exact Present Batra Exact Present Batra Exact
0.2188 0.2153 0.2197 0.2202 0.2172 0.2211 0.2215 0.2194 0.2225




RBF - Materiais funcionais

First 10 natural frequencies of a simply supported square thick Al/ZrO> FG plate,
Mori-Tanaka scheme, third-order deformation theory, h/a = 0.2, Ferreira et al.,
Composite Structures, 2005

ceramic p=1
N=7 N =09 N =11 Batra N = N =9 N =11 Batra
0.247 0.246 0.246 0.247 0.219 0.219 0.219 0.215
0.446 0.447 0.449 0.454 0.405 0.406 0.399 0.411
0.446 0.448 0.448 0.454 0.405 0.406 0.399 0.411
0.541 0.540 0.540 0.544 0.482 0.481 0.478 0.476
0.541 0.540 0.540 0.544 0.482 0.481 0.478 0.476
0.660 0.651 0.647 0.642 0.599 0.591 0.576 0.582
0.784 0.782 0.781 0.788 0.700 0.698 0.690 0.691
0.888 0.896 0.899 0.908 0.806 0.813 0.800 0.819
0.890 0.897 0.899 0.933 0.807 0.814 0.816 0.822
0.913 0.920 0.921 0.936 0.815 0.821 0.812 0.824

FEUP



RBF - Layerwise, [0/90/90/0], SSSS

Convergence of the present layerwise method with respect to the number of nodes for a
cross-ply laminate plate (a/h = 10),& = wh, / £, Ferreira et al. , Engineering Analysis
with Boundary Elements, 2005

Method (1,1) (1,2) (2,1) (2,2) (1,3) (2,3)
Exact (Srinivas ) 0.06715 0.12811 0.17217 0.20798
HSDT (Nosier ) 0.06716 0.12816 0.17225 0.20808
Layerwise (Wang and Zhang) 0.06716 0.12819 0.17230 0.20811 0.22868 0.28423
Present, Layerwise (7 X 7) 0.06768 0.13220 0.17129 0.21169 0.23169 0.28662
Present, Layerwise (9 X 9) 0.06723 0.13109 0.17054 0.20990 0.23287 0.28815

Present, Layerwise (11 X 11) 0.06708 0.13072 0.17027 0.20926 0.23310 0.28842




Cascas compositas

Non-dimensional central deflection, w = w 24~ variation with various number of grid
points per unit length, N for different R/a ratios, for Ry = R», Ferreira et al., Composite
Structures, 2005 (2)

102E, 3

¢ 4 3 1 Owp
u = 1+ — )up+¢01— —5¢C (01+———
Ry 3h2 oy 961
4 1 Owg (ehide
v = (1 i i) vo + O — 3 (02 L1 0) as-ai g
R> 3h2 az 0&s
w = wo 1 Geometry of a doubly-curved shell [50]. (a) Shell geometry
(b) Position vectors of points on the midsurface and above
the midsurface. (c) A differential element of the shell (dS;
and dS, denote the arc lengths)
Method R/a
a/h 5 10 20 50 100 107
[0°/90° /0°] 10 present (N=11) 67047 69900 7.0652 7.0865  7.0896  7.0906
10 present (N=15) 6.7308 6.9994 7.0700 7.0900 7.0928 7.0938
10 present (N=21) 6.7396 7.0028 7.0718 7.0914 7.0942 7.0951

10 HSDT [Reddy/Liu] 6.7688 7.0325 7.1016 7.1212 7.1240 7.125
10 FSDT [Reddy/Liu] 6.4253 6.6247 6.6756 6.6902 6.6923 6.6939

100 present (N=11) 0.9608 2.3356 3.6423 4.3199 4.4379
100 present (N=15) 1.0084 2.3810 3.6104 4.2209 4.3254
100 present (N=21) 1.0253 2.3964 3.6003 4.1897 4.2900

100 HSDT [Reddy/Liu] 1.0321 2.4099 3.617 4.2071 4.3074
100 FSDT [Reddy/Liu] 1.0337 2.4109 3.6150 4.2027 4.3026




Cascas compositas
Nondimensionalized fundamental frequencies of cross-ply laminated spherical shells,

w= w%x/p/Ez, laminate ([0°/90°/0°]),Ferreira et al., Composite Structures, 2005 (2)

Method R/a

a/h 5 10 20 50 100 107

10 present (N=7) 12,242  11.035  11.856  11.834  11.831  11.830
present (N=9) 12,134  11.889  11.826  11.809  11.806  11.805
present (N=11) 12.094  11.873  11.817 11.801 11.799  11.798
present (N=13) 12.076  11.867 11.813  11.798 11.796  11.795
present (N=15) 12.068  11.863  11.811  11.797  11.794  11.794
present (N=17) 12.063 11.861 11.810 11.796  11.794  11.793
HSDT [Reddy/Liu]  12.060 11.860 11.810 11.790 11.790  11.790

100  present (N=7) 35,590 21.221 15587  13.588  13.277  13.172
present (N=9) 33.177 20.828  16.297  14.778  14.548  14.471
present (N=11) 32,114 20.600 16.480  15.124  14.920  14.851
present (N=13) 31.609 20.484 16.547 15.261  15.068  15.004
present (N=15) 31.353 20425 16578  15.326  15.139  15.077
present (N=17) 31.216  20.394 16.595 15.361  15.176  15.115

HSDT [Reddy/Liu] 31.020 20.350 16.620 15.420 15.240 15.170

FEUP



Cascas compositas

Ferreira et al., Composite Structures, 2005 (2)

004 002 0 002 004 006 [ 0.01 0.02 0.03

Fig. 1. Stresses with R = Ra; N = 15; a/h = 10; [0° /90°/90° /0°]




Cascas compositas

Ferreira et al., Composite Structures, 2005 (2)
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RBFs-PS methods

> u(x) =21 Aigi(x), x€QCR"

Moreover, for the RBF-PS approach we are only interested in

evaluation of the solution at the collocation points x1,...,xy.
Therefore, we do not actually need to know the solution u defined
at arbitrary x-values. Instead, the vector u = [u(x1),...,u(xy)]"

of function values at the collocation points suffices.
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Therefore, we do not actually need to know the solution u defined
at arbitrary x-values. Instead, the vector u = [u(x1),...,u(xy)]"

of function values at the collocation points suffices.

» KEY IDEA: us = Du
» onde D = A AL, Aij = 0j; Acij = Lo




RBFs-PS methods

> u(x) = L Noj(x). x€QCR
» Derivadas:Lu(x) = Zszl N Lpi(x)

Moreover, for the RBF-PS approach we are only interested in

evaluation of the solution at the collocation points x1,...,xy.
Therefore, we do not actually need to know the solution u defined
at arbitrary x-values. Instead, the vector u = [u(x1),...,u(xy)]"

of function values at the collocation points suffices.
» KEY IDEA: uz = Du
» onde D = ALA_l., A,'j = (Z)j;Aglj = ﬁ(f)j
» ap6s imposicdo de BC: Dru, =f




Outline

Solucdo por funcdes de base radial

Problemas de fluidos



Solucdo da equacdo Allen-Cahn

U = €Uy + U — U° nonlinear reaction-diffusion [Ferreira,Fasshauer, unpublished]
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Solucdo do problema "wave tank"
Ugt = Usx + Uyy, —3 < x < 3,—1 < y < 1 linear wave equation [Ferreira,Fasshauer,
unpublished]

Periodic boundary conditions: v, (x,£1,t) = 0; u(—3,y,t) = u(3,y,t)
Initial condition:
u(x,y,0) = exp—8[(x+3/2)2+y2]; u(x,y, —At) = exp—B[(x+At+3/2)2+y2]
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Solucdo por funcdes de base radial

Problemas de sélidos




Eigenproblem

U = Au, u(—=1)=u(l)=0

w2n?

Eigenvalues: A\ = -7,

Pseudospectral

25 0000080022750 4o
SN

400 4335160237 163" 41
NSNS

eig 25 = -635.2304113880034° 41

€ig 30 = 2375 3374607783344" 410

100.0000000000227" 415

n=1,2, ... Eigenfunctions sin(nm(x + 1)/2)

RBF - Pseudospectral

¢ig 10= -89.89996560082764/pi”
P T
PN

89.7106932267254°4/pi”

24.5990999893208° 402

5.9883093835979"4/piZ
PR

-365.6577632254902° 407




Viga Timoshenko: vibracoes livres

Equacdes de movimento

d*0 dw 2
T ) = -2l
Ed2 hG(X 9) wpll

—ath— + ahGF = —w?phw.

Frequéncias adimensionais

m
El’

o =w;il?



Viga Timoshenko: vibracoes livres
Non-dimensionalized frequency parameter & of the Timoshenko beam (clamped/clamped
boundary condition, v = 0.3, a = 5/6, N = 35)[Ferreira,Fasshauer, 2005]

Mode Classical h/L
theory 0.002 0.005 0.01 0.02 0.05 0.1 0.2

4.73004 4.7300 4.7296 4.7284 4.7235 4.6899 4.5795 4.2420
7.85320 7.8530 7.8516 7.8469 7.8282 7.7035 7.3312 6.4179
10.99560 10.9950 10.9917 10.9800 10.9341 10.6401 9.8561 8.2853
14.13720 14.1359 14.1294 14.1061 14.0154 13.4611 12.1454 9.9037
17.27880 17.2766 17.2651 17.2246 17.0679 16.1590 14.2324 11.3487
20.42040 20.4168 20.3985 20.3338 20.0868 18.7318 16.1487 12.6402
23.56190 23.5567 23.5292 23.4325 23.0682 21.1825 17.9215 13.4567
26.70350 26.6960 26.6567 26.5192 26.0086 23.5168 19.5723 13.8101
29.84510 29.8348 29.7808 29.5926 28.9052 25.7421 21.1185 14.4806
32.98670 32.9728 32.9008 32.6513 31.7557 27.8662 22.5735 14,9383

BooNOGEWN R
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Placa Mindlin: vibracGes livres
Natural frequencies of a CCCC square Mindlin/Reissner plate with kK = 0.8601,» = 0.3
[Ferreira,Fasshauer, 2005]

Frequéncias adimensionais

W =w a,/ﬁ
mn G’

Mode no. m n 5X5 7X7 9 X 9 11 x 11 13 x 13 R.-Ritz Liew
1 1 1 1.5784 1.5909 1.5910 1.5910 1.5910 1.5940 1.56582
2 2 1 5.4930 3.1054 3.0389 3.0389 3.0389 3.0390 3.0182
3 1 2 5.4930 3.1054 3.0389 3.0389 3.0389 3.0390 3.0182
4 2 2 7.6182 4.3248 4.2620 4.2624 4.2625 4.2650 4.1711
5 3 1 7.9604 5.1520 5.0207 5.0249 5.0247 5.0350 5.1218
6 1 3 7.9862 5.2088 5.0682 5.0725 5.0723 5.0780 5.1594
7 3 2 9.5494 6.1307 6.0735 6.0799 6.0798 6.0178
8 2 3 9.5494 6.1307 6.0735 6.0799 6.0798 6.0178
9 4 1 11.1657 7.6203 7.6669 7.4330 7.4123 7.5169




Placa Mindlin: vibracGes livres
Natural frequencies of a SSSS square Mindlin/Reissner plate with k = 0.833,v = 0.3 (* -
closed form)[Ferreira,Fasshauer, 2005]

Frequéncias adimensionais

W = Wmnad %a
Mode no. m n 5 x5 7 X7 9 x9 11 x 11 13 x 13 3D * Mindlin *
1 1 1 0.920 0.930 0.930 0.930 0.930 0.932 0.930
2 2 1 4.029 2.211 2.220 2.219 2.219 2.226 2.219
3 1 2 4.029 2.211 2.220 2.219 2.219 2.226 2.219
4 2 2 5.495 3.409 3.404 3.406 3.406 3.421 3.406
5 3 1 7.955 4.069 4.156 4.150 4.149 4.171 4.149
6 1 3 7.959 4.069 4.156 4.150 4.149 4.171 4.149
7 3 2 8.139 5.155 5.185 5.213 5.204 5.239 5.206
8 2 3 8.139 5.155 5.185 5.213 5.204 5.239 5.206
9 4 1 11.418 6.788 6.725 6.513 6.530 - 6.520
10 1 4 15.229 11.408 6.725 6.513 6.530 - 6.520

FEUP



Placa Compésita: vibracdes livres

Frequéncias adimensionais

W= (wb2/7r2)1 / ZZ, Do = E22h3/12(1 — 1/121/21)

Materiais compésitos: propriedades

E11/E22 = 40; G23 = 0.5E22; G13 = G12 = 0.6E22; V1o = 0.25; Vo1 = 0.006




Placa Compésita: vibracdes livres

Convergence study of frequency parameters @ = (wb?/m?)+/(ph/Do) for three-ply
(0°/90°/0°) clamped CCCC rectangular laminates, [Ferreira,Fasshauer, 2005]

Modes
a/b t/b Grid 1 2 3 4 5 6
1 0.001 13 x 13 14.2138 17.669 255193 38.0121 39.3376 40.7548

X 15 14.6918 18.4741 26.9611 37.6121 39.3560 40.9241
17 x 17 14.5866 17.4065 24.5479 35.3335 39.1869 41.4113
X 19 14.8138 17.6181 24.1145 36.0900 39.0170 40.8323
Liew (p-Ritz) 14.6655 17.6138 24.5114 35.5318 39.1572 40.7685

0.20 13 x 13 4.4465 6.6418 7.6995 9.1848 9.7377 11.3990
15 x 15 4.4465 6.6420 7.6995 9.1848 9.7377 11.3990
17 x 17 4.4467 6.6418 7.6995 9.1848 9.7376 11.3990
19 x 19 4.4463 6.6419 7.6995 9.1839 9.7376 11.3994

Liew (p-Ritz) 4.4468 6.6419 7.6996 9.1852 9.7378 11.3991

2 0.001 13 x 13 4.9869 10.0330 13.1204 15.1032 19.9742 24.6265
15 x 15 5.0970 10.4052 10.6097 14.3575 18.4830 18.9482

17 x 17 2.4262 6.5945 6.6310 9.3494 14.3323 14.5476

19 x 19 2.3670 6.6331 6.6691 9.4676 14.2921 14.3915

Liew (p-Ritz) 2.3618 6.6252 6.6845 9.4470 14.2869 16.3846

0.20 13 x 13 1.9387 3.5934 4.8750 5.4849 5.7683 7.1168

15 x 15 1.9387 3.5934 4.8750 5.4851 5.7683 7.1170

17 x 17 1.9387 3.5934 4.8750 5.4851 5.7683 7.1170

19 x 19 1.9387 3.5934 4.8750 5.4851 5.7683 7.1170

Liew (p-Ritz) 1.9393 3.5939 4.8755 5.4855 5.7691 7.1177

FEUP



Placa Compésita: vibracdes livres
Mode shapes (1 to 4 and 5 to 8) for three-ply (0°/90°/0°) clamped CCCC square
laminates a/b = 1,t/b = 0.2,13 x 13 nodal grid [Ferreira,Fasshauer, 2005]

ag=sramaosany




Placa Compésita: vibracdes livres
Mode shapes (1 to 4) for three-ply (0°/90°/0°) simply-supported SSSS rectangular
laminates a/b = 2,t/b = 0.2,13 x 13 nodal grid. [Ferreira,Fasshauer, 2005]
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Placa Compésita: vibracdes livres
Mode shapes (1 to 4) for three-ply (0°/90°/0°) clamped CCCC square plate

eig = 14.462345565638 eig = 17.683764017988




Outline

Optimizacdo do parametro de forma
O problema




Influéncia do parametro de forma ¢(r) = (1 + £2r?)”,

B ¢ 2N

Compact support function

Global support function (IMQ)




Influéncia do parametro de forma : IMQ

e =0.127

Optimal ¢ = 0.87




Popular strategy for estimating the parameter of a model
based on the given data

Rippa : variant of cross validation known as “leave-one-out" cross
validation (LOOCV).

AKA in the statistics literature as PRESS (Predictive REsidual Sum
of Squares).

In this algorithm an “optimal" value of & for the RBF interpolation
problem is selected by minimizing the error for a fit to the data
based on an interpolant for which one of the centers was “left out".
This method takes into account the dependence of the error on the
data function.

FEUP



LOOCV method

Specifically, if P,Lk] is the radial basis function interpolant to the
data {f], Ceey fk,l, fk+1, e f/\/}, Ie.,

N
k k
PH(x) =3 Molllx - x),
P
and if E is the error
Ex =1 — P,Ek](xk),

then the quality of the fit is determined by the norm of the vector
of errors E = [Ey,..., Ey]" obtained by removing in turn one of
the data points and comparing the resulting fit with the (known)
value at the removed point. The norm of E as a function of ¢ will
serve as a cost function for the shape parameter.




While a naive implementation of the leave-one-out algorithm is
rather expensive (on the order of N*) Rippa shows that the
algorithm can be simplified to a single formula

C
Ek = 7”(17
e

kk
where ¢, is the kth coefficient in the interpolant P¢ based on the
full data set, and A;kl is the kth diagonal element of the inverse of
the corresponding interpolation matrix. This results in O(N3)
computational complexity.

FEUP



Note that all entries in the error vector E can be computed in a
single statement in Matlab

- EF = (invA*rhs)./repmat(diag(invA),1,m);

In order to find a good value of the shape parameter as quickly as
possible we can use the Matlab function fminbnd to find the
minimum of the cost function for .

FEUP
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Meétodos adaptativos ®

Estratégia =



Estratégia para métodos adaptativos

» Calcular interpolante baseado em centros conhecidos e seus
valores
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Estratégia para métodos adaptativos

» Calcular interpolante baseado em centros conhecidos e seus
valores

» Refinar/engrossar baseado no residuo calculado numa rede
mais fina

» Eventual ajuste do parametro de forma, para evitar alteracdes
significativas do condicionamento




Viga simplesmente apoiada
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Viga encastrada
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Exemplos

Poisson (in starfish)
Au=1fecQ;u=uy on 02
f(x,y) = 100e~2000+7?)

FEUP



Func3o de Franke
f(x,y) = e ty? + e~ 5((x=0.5)+(y—0.5)?) + e~ 15((x+0.2)>+(y—0.5)) +
e~ 15((x+0.2)%+(y+0.4)%) + e~ 9((x+0.8)>+(y—0.8)?

N= 1403




Placa quadrada

boundary centers, cross = residual points

bf centers, circle =

red
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Placa triangular

N =307
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Conclusdes

vV v. v VY

Analise de Estruturas laminadas (materiais compésitos,
sandwich e funcionais gradativos)

Importante escolher bem a teoria de deformac3o adequada
para cada problema e laminado

Técnicas de solucdo sem malha adequadas e simples
RBFs melhores com optimizacdo de pardmetro de forma
RBF-PS util e simples de formular

Meétodos adaptativos podem ser muito importantes em
geometrias irregulares
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