
We construct explicit polynomials pn in three real variables x, y and z  such that the associated a!ne variety 
pn

-1(0) gives a small tubular neighborhood of the n-twisted Möbius strips. The degree of pn is given by 4+2n. 
We give visualizations up to twisting number n=6  using the free software surfer of the open source 
platform Imaginary.
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*U JT B XFMM�LOPXO GBDU GSPN EJóFSFOUJBM UPQPMPHZ 	F�H�
TFF <�> DIBQUFS � f�
 UIBU GPS B TNPPUI GVODUJPO ৷ ӓЃ৽ и Ѓ BOE B SFHVMBS WBMVF ਉ ҥ Ѓ UIF MFWFM TFU ӓ> ৷ ү2)ਉ* JT B TNPPUI )৽ ү 2*�EJNFOTJPOBM IZQFSTVS�
GBDF� .PSFPWFS  IBT OP CPVOEBSZ BOE JT PSJFOUBCMF� *O
DBTF UIBU  JT DPNQBDU BOE DPOOFDUFE JU TFQBSBUFT Ѓ৽ JO
UXP SFHJPOT UIF JOTJEF BOE UIF PVUTJEF CZ UIF HFOFSBMJ[FE
+PSEBO�#SPVXFS TFQBSBUJPO UIFPSFN 	<�> DIBQUFS � f�
�

)FODF JU JT OPU QPTTJCMF UP DPOTUSVDU UIF.×CJVT TUSJQ
BT B TNPPUI MFWFM TFU JO UIJT XBZ BT JU IBT B 2�EJNFOTJPOBM
CPVOEBSZ BOE BT JU JT OPO�PSJFOUBCMF�

)PXFWFS JO <�>XF IBWF HJWFO QPMZOPNJBMT PG EFHSFF7 9 BOE 21 TVDI UIBU UIF WJTVBMJ[BUJPO PG UIF MFWFM TFUT৷ ү2)1* 	VTJOH UIF TVSGFS�TPGUXBSF <�> PG UIF PQFO TPVSDF
QMBUGPSN *NBHJOBSZ
 HJWF .×CJVT TUSJQT XJUI 2 3 BOE 4
UXJTUT SFTQFDUJWFMZ�

5IJT BQQBSFOU DPOUSBEJDUJPO DBO CF FBTJMZ FYQMBJOFE�
5IFTF TVSGBDFT BSF OPU .×CJVT TUSJQT PO UIF OPTF CVU
UIJDLFOFE WFSTJPOT J�F� CPVOEBSJFT PG TNBMM UVCVMBS
OFJHICPSIPPET� 8F DBMM UIFN TPMJE .×CJVT TUSJQT� 0VS
NFUIPE PG DPOTUSVDUJPO 	CZ SPUBUJPO XJUI UXJTUJOH
 XJMM CF
FYQMBJOFE JO UIF OFYU TFDUJPO� 8F SFNBSL UIBU B TJNJ�
MBS NFUIPE XBT VTFE JO <�> UP DPOTUSVDU UIF TPMJE USFGPJM
LOPU XJUI B QPMZOPNJBM PG PSEFS 25� "O PWFSWJFX PWFS
UIFTF BOE PUIFS DPOTUSVDUJPOT PG JOUFSFTUJOH TVSGBDFT DBO
CF GPVOE JO <�>�

5IF SFBTPO UIBU XF DPNF CBDL UP UIF DPOTUSVDUJPO
PG .×CJVT TUSJQT JT UIBU XF XJMM QSFTFOU IFSF B TJNQMJmFE
DPOTUSVDUJPO XIJDI XPSLT GPS BOZ OVNCFS PG UXJTUT BOE

HJWFT BO FYQMJDJU QPMZOPNJBM XIFSFBT UIF NFUIPE JO <�>
XBT BE�IPD JO UIF EFHSFFT DPOTJEFSFE�

"T B MBTU SFNBSL XF NFOUJPO B UIFPSFN PG 8IJUOFZ
<�>� 'PS BOZ DMPTFE TVCTFU  ԟ Ѓ৽ UIFSF FYJTUT B TNPPUI
GVODUJPO ৷ ӓ Ѓ৽ и Ѓ TVDI UIBU  ӓ> ৷ ү2)1*� 0G DPVSTF
JO HFOFSBM 1 JT UIFO OPU B SFHVMBS WBMVF PG ৷�
"DLOPXMFEHNFOUT� 5IF BVUIPS XPVME MJLF UP UIBOL +PTÌ
'SBODJTDP 3PESJHVFT BOE $BSMPT "SBOHP 'MPSFOUJOP GPS
UIF JOWJUBUJPO UP B SFTFBSDI TUBZ BU -JTCPO VOJWFSTJUZ JO
/PWFNCFS ���� XIFSF UIF BVUIPS IBT GPVOE UIF SFTVMUT
PG UIJT QBQFS BOE UP UIF VOLOPXO SFGFSFF GPS WBMVBCMF
IJOUT�

ǜ 3ĄĉöĉþĄă Čþĉý ৾�ĉČþĈĉþăü

8F TUBSU XJUI BO BôOF SFBM BMHFCSBJD DVSWF HJWFO BT UIF
MFWFM TFU PG B QPMZOPNJBM ৷)- ਊ* ҥ Ѓ\- ਊ^ GPS UIF WBMVF 1�
*O PVS DBTF

৷)- ਊ* > ຑ ৲ຒ3 , ຑਊ৳ ຒ3 ү 2
JT BO FMMJQTF XJUI TFNJBYFT 1 = ৲ = 2 BOE 1 = ৳ = 2� 8F
EFOPUF UIF FDDFOUSJDJUZ 	XJUI ৲ ԁ ৳
 BT UIF HFPNFUSJDBMMZ
SFMFWBOU QBSBNFUFS CZ

৶ ӓ> 2৳ ҷ৳3 ү ৲3
BOE XF BSF NBJOMZ JOUFSFTUFE JO CJH FDDFOUSJDJUZ F�H�৶ ӥ 2�

/PX SPUBUJPO XJUI UXJTUJOH EFOPUFT B NJYUVSF PG
UXP SPUBUJPO NPUJPOT� 5IF mSTU NPWFNFOU DPODFSOT UIF�BYJT XIJDI XF MFU SPUBUF BSPVOE UIF ਊ�BYJT TVDI UIBU JU
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TQBOT UIF )ਈ- ਉ*�QMBOF�
ਈ > -  ӓ> DPT ಣਉ > ৪- ৪ ӓ> TJO ಣ

)FSF ಣ EFOPUFT UIF BOHMF CFUXFFO UIF � BOE UIF ਈ�BYJT�
/PUF UIBU 3 ,৪3 > 2� "U UIF TBNF UJNFXF JNQPTF B TFD�
POE SPUBUJPO 	�UXJTUJOH�
 XJUIJO UIF )- ਊ*�QMBOF BSPVOE B
DFOUFS BU )2- 1* XJUI BOHMF ಝ�

ཌ ү 2 > ৴) ү 2* , ਃਊਊཌ > үਃ) ү 2* , ৴ਊ
)FSF ৴ ӱ DPT)ಝ* ਃ ӱ TJO)ಝ* BOE ৴3 , ਃ3 > 2� 5IJT
WBSJBCMF USBOTGPSNBUJPO MFBET UP UIF NBTUFS FRVBUJPO

৷)৴) ү 2* , ਃਊ- үਃ) ү 2* , ৴ਊ* > 1
XIFSF CPUI SPUBUJPO NPUJPOT BSF DPVQMFE BT BO ৾�UXJTUFE
SPUBUJPO J�F� ಝ > 3৾ಣ
CFDBVTF B UXJTU JT B IBMG SPUBUJPO�

*O PVS DBTF PG BO FMMJQTF XF HFU 	BGUFS NVMUJQMJDBUJPO
XJUI ৲3৳3 JO PSEFS UP HFU SJE PG EFOPNJOBUPST


৲3৳3 > ৳3)৴) ү 2* , ਃਊ*3 , ৲3)үਃ) ү 2* , ৴ਊ*3> ৴3)৳3) ү 2*3 , ৲3ਊ3* , 3৴ਃ)৳3 ү ৲3*) ү 2*ਊ,,ਃ3)৲3) ү 2*3 , ৳3ਊ3*/
ǝ &āþĂþăöĉþĄă Ąû ĉýú ćĄĉöĉþĄă öăù ĉČþĈĉþăü

ċöćþö÷āúĈ

/PX XF OFFE UP FMJNJOBUF UIF WBSJBCMFT  ৪ ৴ ਃ BOE 
GSPN UIF NBTUFS FRVBUJPO JO UIF TFDUJPO BCPWF JO PSEFS
UP HFU B TJOHMF FRVBUJPO )ਈ- ਉ- ਊ* > 1� "U B mSTU HMBODF
POF DPVME UIJOL UIBU UIJT JT OPU QPTTJCMF XJUI B QPMZOP�
NJBM  CFDBVTF PG UIF USBOTDFOEFOUBM GVODUJPOT DPT BOE
TJO� )PXFWFS XJUI UIF EF .PJWSF GPSNVMB

FYQ)ಣ৹*৾ > FYQ)৾ಣ৹* > FYQ)3ಝ৹* > FYQ)ಝ৹*3
XF HFU GPS UIF SFBM BOE UIF JNBHJOBSZ QBSUT�

৾)- ৪* ӱ Ђ)) , ৹৪*৾* > ৾ ү ແ3৾ໂ৾ү3৪3,
,ແ5৾ໂ৾ү5৪5 Ұ  > ৴3 ү ਃ3

ਁ৾)- ৪* ӱ ϸ)) , ৹৪*৾* > ແ2৾ໂ৾ү2৪ү
үແ4৾ໂ৾ү4৪4 �  > 3৴ਃ

XJUI IPNPHFOFPVT QPMZOPNJBMT ৾ BOE ਁ৾ PG PSEFS ৾� #F�
DBVTF PG ৴3 , ਃ3 > 2 XF PCUBJO

৴3 > 23)2 , ৾)- ৪**- ਃ3 > 23)2 ү ৾)- ৪**/

/PX XF VTF  > ਈ0 BOE ৪ > ਉ0 BOE XF JOTFSU UIF FY�
QSFTTJPOT GPS ৴3 3৴ਃ BOE ਃ3 JOUP PVS NBTUFS FRVBUJPO� 6T�
JOH UIF IPNPHFOFJUZ PG ৾ BOE ਁ৾ XF NVMUJQMZ UIF FRVB�
UJPO XJUI ৾� 5IJT ZJFMET

)Ҵ*
23)৾ , ৾)ਈ- ਉ**)৳3) ү 2*3 , ৲3ਊ3*,,ਁ৾)ਈ- ਉ*)৳3 ү ৲3*) ү 2*ਊ,,23)৾ ү ৾)ਈ- ਉ**)৲3) ү 2*3 , ৳3ਊ3* ү ৲3৳3৾ > 1/

)FODFXF IBWF FMJNJOBUFE UIF SPUBUJPO BOE UXJTUJOH WBSJ�
BCMFT  ৪ ৴ BOE ਃ� 5IF MBTU TUFQ JT UIF BMHFCSBJD FMJNJOB�
UJPO PG UIF WBSJBCMF � 	0G DPVSTF XF DPVME KVTU SFQMBDF 
CZ ҷਈ3 , ਉ3 CVU UIJT XPVME OPU HJWF B QPMZOPNJBM FRVB�
UJPO�


Ǟ &āþĂþăöĉþĄă Ąû ĉýú ċöćþö÷āú 
5IJT MBTU TUFQ DBO CF BDIJFWFE JO B NPSF HFOFSBM DPO�
UFYU� 4VQQPTF XF IBWF HJWFO B QPMZOPNJBM ৸)ਈ- ਉ- ਊ- * ҥЃ\ਈ- ਉ- ਊ- ^ BOE B QPMZOPNJBM ϵ)ਈ- ਉ- ਊ* ҥ Ѓ\ਈ- ਉ- ਊ^ BOE
XF XBOU UP FMJNJOBUF  GSPN UIF TZTUFN

৸)ਈ- ਉ- ਊ- * > 1ϵ)ਈ- ਉ- ਊ* > 3
8F BSF JO QBSUJDVMBS JOUFSFTUFE JO UIF DBTF PG ϵ)ਈ- ਉ- ਊ* >ਈ3 , ਉ3� 5IF BMHFCSBJD FMJNJOBUJPO DBO CF BDIJFWFE CZ
TQMJUUJOH ৸ JO FWFO BOE PEE QPXFST PG �

৸)ਈ- ਉ- ਊ- * > ৸1)ਈ- ਉ- ਊ- 3* , ৸2)ਈ- ਉ- ਊ- 3*
5IFO GSPN ৸ > 1 XF HFU ৸1 > ү৸2 BOE TRVBSJOH UIJT
FRVBUJPOT ZJFMET

৸1)ਈ- ਉ- ਊ- ϵ)ਈ- ਉ- ਊ**3 > ϵ)ਈ- ਉ- ਊ*৸2)ਈ- ਉ- ਊ- ϵ)ਈ- ਉ- ਊ**3
XIJDI JT UIF mOBM TPMVUJPO PG PVS FMJNJOBUJPO QSPCMFN
BCPWF�

*O PSEFS UP BQQMZ UIJT QSPDFEVSF UP FRVBUJPO )Ҵ* XF
TPSU UIF UFSNT BDDPSEJOH UP QPXFST PG � 'SPN UIF TUSVD�
UVSF PG UIF FRVBUJPO XJUI JUT 5 UFSNT UIFSF BQQFBS POMZ
UIF QPXFST ৾,3 ৾,2 ৾ 3 2 >  BOE 1 > 2 BOE )Ҵ* JT
FRVJWBMFOU UP UIF FRVBUJPO JO mHVSF ��

5IF NBUSJY�MJLF TIBQF XJUI 5 SPXT SFnFDUT UIF PSJHJO
PG FBDI FOUSZ JO UIF CSBDLFU GSPN POF UIF 5 UFSNT PG )Ҵ*�
0G DPVSTF XF VTF IFSF UIF BCCSFWJBUJPOT ৾ > ৾)ਈ- ਉ*
BOE ਁ৾ > ਁ৾)ਈ- ਉ*� " GVSUIFS TJNQMJmDBUJPO XJUI

 ӱ ৲3 , ৳3 > ৳3)2 , ಠ*-  ӱ ৳3 ү ৲3 > ৳3)2 ү ಠ*- ӱ ৲3৳3 > ৳5ಠ-
XIFSF ৶ EFOPUFT UIF FDDFOUSJDJUZ BOE ಠ ӱ 2ү৶3 	J�F� ಠ ӥ 1

�
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৾,3 ) 23 ৳3 , 23 ৲3 *,৾,2 ) ү৳3 ү৲3 *,৾ ) 23 )৳3 , ৲3ਊ3* , 23 )৲3 , ৳3ਊ3* ү৲3৳3 *,3 ) 23 ৾৳3 ү 23 ৾৲3 *, ) ү৾৳3 ਁ৾)৳3 ү ৲3*ਊ ,৾৲3 *,2 ) 23 ৾)৳3 , ৲3ਊ3* үਁ৾)৳3 ү ৲3*ਊ ү 23 ৾)৲3 , ৳3ਊ3* *> 1
JT B UIJO FMMJQTF BOE ಠ > 2 HJWFT B SPVOE UPSVT
 ZJFMET�

)ҴҴ* 3 ৾,3 ү ৾,2 , )3 )2 , ਊ3* ү *৾ , 3 ৾3
ү)৾ ү ਁ৾ਊ* , 3 ৾)2 ү ਊ3* ү ਁ৾ਊ > 1

/PX JO PSEFS UP BQQMZ UIF BCPWF NFUIPE PG �
FMJNJOBUJPO XF IBWF UP EJTUJOHVJTI UIF UXP DBTFT PG FWFO
BOE PEE UXJTUJOH OVNCFST ৾�
Ǟ�Ǜ &ċúă ĉČþĈĉþăü ăĊĂ÷úć ৾ > 3৽
#Z TPSUJOH UIF PEE �QPXFST UP UIF SJHIU TJEFXF HFU GSPN)ҴҴ* UIBU

ຑ3 ํ2 , 3 , ਊ3๎ ү ຒ ৾ , 3 ৾ํ2 , 3 ү ਊ3๎ ү ਁ৾ਊ >> \৾ , )৾ ү ਁ৾ਊ*^/
5IVT XF IBWF QSPWFE UIF GPMMPXJOH SFTVMU CZ BQQMZJOH�FMJNJOBUJPO�

5ýúĄćúĂ Ǜ�� 'PS BO FWFO UXJTUJOH OVNCFS ৾ > 3৽ UIF৾�UXJTUFE TPMJE .×CJVT TUSJQ JT HJWFO BT BO BôOF SFBM BM�
HFCSBJD TVSGBDF GPS UIF GPMMPXJOH QPMZOPNJBM FRVBUJPO JOਈ ਉ BOE ਊ PG EFHSFF 5 , 3৾�

ດຑ3 ํ2 , ਈ3 , ਉ3 , ਊ3๎ ү ຒ ํਈ3 , ਉ3๎৽,3 ৾ํ2 , ਈ3 , ਉ3 ү ਊ3๎ ү ਁ৾ਊຕ3 >
> )ਈ3 , ਉ3*\)ਈ3 , ਉ3*৽ , )৾ ү ਁ৾ਊ*^3/

Ǟ�ǜ 0ùù ĉČþĈĉþăü ăĊĂ÷úć ৾ > 3৽ , 2
#Z TPSUJOH UIF PEE �QPXFST UP UIF SJHIU TJEFXF HFU GSPN)ҴҴ* UIBU

ү৾,2 , 3 ৾ํ2 , 3 ү ਊ3๎ ү ਁ৾ਊ >
>  ດү ຑ3 ํ2 , 3 , ਊ3๎ ү ຒ ৾ү2 , )৾ ү ਁ৾ਊ*ຕ /

5IVT XF IBWF QSPWFE UIF GPMMPXJOH SFTVMU CZ BQQMZJOH�FMJNJOBUJPO�

5ýúĄćúĂ ǜ�� 'PS BO PEE UXJTUJOH OVNCFS ৾ > 3৽ , 2
UIF ৾�UXJTUFE TPMJE .×CJVT TUSJQ JT HJWFO BT BO BôOF SFBM

BMHFCSBJD TVSGBDF GPS UIF GPMMPXJOH QPMZOPNJBM FRVBUJPO
JO ਈ ਉ BOE ਊ PG EFHSFF 5 , 3৾�
ດүํਈ3 , ਉ3๎৽,2 , 3 ৾ํ2 , ਈ3 , ਉ3 ү ਊ3๎ ү ਁ৾ਊຕ3 >
> )ਈ3 , ਉ3๎ໄ ү ຑ3 ํ2 , ਈ3 , ਉ3 , ਊ3๎ ү ຒ )ਈ3 , ਉ3*৽,

,)৾ ү ਁ৾ਊ*3/
ǟ 7þĈĊöāþďöĉþĄă ûĄć ĈĂöāā ċöāĊúĈ Ąû ৾
5IF mSTU UISFF DBTFT ৾ > 2 3 PS 4 XFSF BMSFBEZ DPOTJEFSFE
JO PVS QBQFS <�> XJUI NPSF DMVNTZ DPNQVUBUJPOT� 0VS
OFX HFOFSBM GPSNVMB SFDPWFST PVS GPSNFS SFTVMUT�

ǟ�Ǜ 5ČþĈĉþăü ăĊĂ÷úć ৾ > 1
0VS GPSNVMB BMTP XPSLT JO UIF VOUXJTUFE DBTF ৾ > 1�
5IFO XF IBWF 1 > 2 BOE ਁ1 > 1 BOE XF HFU UIF GPM�
MPXJOH QPMZOPNJBM FRVBUJPO PG PSEFS 5�

ດ3 ํ2 , ਈ3 , ਉ3 , ਊ3๎ ү  , 3 ํ2 , ਈ3 , ਉ3 ү ਊ3๎ຕ3 >
> )ਈ3 , ਉ3*\ , ^3/

5IJT HJWFT OPU POMZ UIF VTVBM UPSVT CVU BMTP GPS TNBMM ৲ B
TVSGBDF PG TIBQF PG B TPMJE 	mOJUF
 DZMJOEFS CBSSFM BOE GPS
TNBMM ৳ B TVSGBDF PG TIBQF PG B TPMJE BOOVMVT� 4FF mHVSF �
	TVSGFS DPEF JODMVEFE
�

ǟ�ǜ 5ČþĈĉþăü ăĊĂ÷úć ৾ > 2
5IJT JT UIF DMBTTJDBM .×CJVT TUSJQ� 8F IBWF ৽ > 1 2 > ਈਁ2 > ਉ BOE XF HFU UIF GPMMPXJOH QPMZOPNJBM FRVBUJPO PG
PSEFS 7�
ດ ү ํਈ3 , ਉ3๎ , 3 ਈํ2 , ਈ3 , ਉ3 ү ਊ3๎ ү ਉਊຕ3 >
> ํਈ3 , ਉ3๎ດ ү 3 ํ2 , ਈ3 , ਉ3 , ਊ3๎ ,  , )ਈ ү ਉਊ*ຕ3/

4FF mHVSF � 	TVSGFS DPEF JODMVEFE
�
/PUF UIF TNBMM UFSN ৴6 Ҵ 1/1112� 5IF SFBTPO GPS UIJT

NPEJmDBUJPO JT UIBU UIF QPMZOPNJBM )Ҵ* XBT DPOTUSVDUFE
CZ NVMUJQMJDBUJPO PG UIF QSFDFEJOH FRVBUJPO XJUI ৾�

�

Figure 1
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(0.5*(a^2+b^2)*(1+x^2+y^2+z^2)-a^2*b^2+0.5*(b^2-a^2)
*(1+x^2+y^2-z^2))^2-4*b^4*(x^2+y^2)

Figure 2 Figure 4Figure 3

(-(a^2+b^2)*(x^2+y^2)+0.5 
*(b^2-a^2)*x*(1+x^2+y^2-z^2)
-(b^2-a^2)*y*z)^2-(x^2+y^2) 
*(-0.5*(a^2+b^2) 
*(1+x^2+y^2+z^2)+a^2*b^2 
+(b^2-a^2)*(x-y*z))^2
+c^5*0.0001

 ((0.5*(a^2+b^2) 
*(1+x^2+y^2+z^2)-a^2*b^2)
*(x^2+y^2)+0.5*(b^2-a^2)
*(x^2-y^2)*(1+x^2+y^2-z^2) 
-2*(b^2-a^2)*x*y*z)^2
-(x^2+y^2)*((a^2+b^2) 
*(x^2+y^2)+(b^2-a^2) 
*(x^2-y^2-2*x*y*z))^2
+c^7*0.0001

5IJT BEET UIF ਊ�BYJT BT B TJOHVMBS 2�EJNFOTJPOBM TFU UP
UIF TNPPUI 3�EJNFOTJPOBM MFWFM MFU� #FDBVTF UIJT JOUSP�
EVDFT B OVNFSJDBMMZ DSJUJDBM CFIBWJPS JO B TNBMM OFJHICPS�
IPPE PG UIF ਊ�BYJT UIF TVSGFS TPGUXBSF QSPEVDFT B HIPTU
JNBHF UIFSF� /PUF UIBU UIJT FóFDU CFDPNFT NPSF EPNJ�
OBOU XJUI MBSHFS UXJTUJOH OVNCFST ৾� /PX UIF TNBMM
FYUSB UFSN BMMPXT B TNPPUIJOH PG UIF MFWFM TFU� 8JUI UIF
SJHIU TJHO PG ৴ UIF TNPPUIJOH FMJNJOBUFT UIF ਊ�BYJT BT B
TJOHVMBS TFU�

ǟ�ǝ 5ČþĈĉþăü ăĊĂ÷úć ৾ > 3
5IVT XF IBWF ৽ > 2 3 > ਈ3 ү ਉ3 ਁ3 > 3ਈਉ BOE XF HFU
UIF GPMMPXJOH QPMZOPNJBM FRVBUJPO PG PSEFS 9�

ໄຑ3 ํ2 , ਈ3 , ਉ3 , ਊ3๎ ү ຒํਈ3 , ਉ3๎,
3 ํਈ3 ү ਉ3๎ํ2 , ਈ3 , ਉ3 ү ਊ3๎ ү 3ਈਉਊ3 >

> ํਈ3 , ਉ3๎ດํਈ3 , ਉ3๎ , ํਈ3 ү ਉ3 ү 3ਈਉਊ๎ຕ3/

4FF mHVSF � 	TVSGFS DPEF JODMVEFE
�

ǟ�Ǟ 5ČþĈĉþăü ăĊĂ÷úć ৾ > 4
5IVT XF IBWF ৽ > 2 4 > ਈ4 ү 4ਈਉ3 ਁ4 > 4ਈ3ਉ ү ਉ4 BOE
XF HFU UIF GPMMPXJOH QPMZOPNJBM FRVBUJPO PG PSEFS 21�

ໄ ү ํਈ3 , ਉ3๎3 , 3 ํਈ4 ү 4ਈਉ3๎ํ2 , ਈ3 , ਉ3 ү ਊ3๎ү
ํ4ਈ3ਉ ү ਉ4๎ਊຕ3 >

> ํਈ3 , ਉ3๎ໄ ү ຑ3 ํ2 , ਈ3 , ਉ3 , ਊ3๎ ү ຒํਈ3 , ਉ3๎,
ํਈ4 ү 4ਈਉ3 ү ํ4ਈ3ਉ ү ਉ4๎ਊ๎3/

4FF mHVSF � 	TVSGFS DPEF JODMVEFE
�

ǟ�ǟ 5ČþĈĉþăü ăĊĂ÷úć ৾ > 5
5IVT XF IBWF ৽ > 3 5 > ਈ5 ү 7ਈ3ਉ3 , ਉ5 ਁ5 >4ਈ4ਉ ү 4ਈਉ4 BOE XF HFU UIF GPMMPXJOH QPMZOPNJBM

�
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Figure 5 Figure 6 Figure 7

(-(a^2+b^2)*(x^2+y^2)^2+0.5 
*(b^2-a^2)*(x^3-3xy^2) 
*(1+x^2+y^2-z^2)
-(b^2-a^2)*(3x^2y-y^3)*z)^2 
-(x^2+y^2)*(-(0.5*(a^2+b^2)
*(1+x^2+y^2+z^2)-a^2*b^2) 
*(x^2+y^2)+(b^2-a^2)
*(x^3-3x*y^2
-(3*x^2*y-y^3)*z))^2
+c^9*0.0001

((0.5*(a^2+b^2) 
*(1+x^2+y^2+z^2)-a^2*b^2) 
*(x^2+y^2)^2+0.5 
*(b^2-a^2)
*(x^4-6x^2y^2+y^4)
*(1+x^2+y^2-z^2)-3
*(b^2-a^2)
*(x^2-y^2)*x*y*z)^2
-(x^2+y^2)*((a^2+b^2)
*(x^2+y^2)^2+(b^2-a^2) 
*(x^4-6*x^2*y^2+y^4-3 
*(x^3*y-x*y^3)*z))^2
+c^9*0.0001

(-(a^2+b^2) 
*(x^2+y^2)^3+0.5 
*(b^2-a^2) 
*(x^5-10x^3y^2+5xy^4)
*(1+x^2+y^2-z^2)-(b^2-a^2) 
*(5x^4y-10x^2y^3+y^5)*z)^2 
-(x^2+y^2)*(-(0.5*(a^2+b^2) 
*(1+x^2+y^2+z^2)-a^2*b^2) 
*(x^2+y^2)^2+(b^2-a^2)
*(x^5-10x^3y^2+5xy^4 
-(5x^4y-10x^2y^3+y^5)*z))^2
+c^13*0.0001

FRVBUJPO PG PSEFS 23�
ດຑ3 ํ2 , ਈ3 , ਉ3 , ਊ3๎ ү ຒํਈ3 , ਉ3๎3,

3 ํਈ5 ү 7ਈ3ਉ3 , ਉ5๎ํ2 , ਈ3 , ਉ3 ү ਊ3๎
ү4ํਈ4ਉ ү ਈਉ4๎ਊຕ3 >

> ํਈ3 , ਉ3๎ດํਈ3 , ਉ3๎3,
ํਈ5 ү 7ਈ3ਉ3 , ਉ5 ү 4ํਈ4ਉ ү ਈਉ4๎ਊ๎ຕ3/

4FF mHVSF � 	TVSGFS DPEF JODMVEFE
�

ǟ�Ǡ 5ČþĈĉþăü ăĊĂ÷úć ৾ > 6
5IVT XF IBWF ৽ > 3 6 > ਈ6 ү 21ਈ4ਉ3 , 6ਈਉ5 ਁ6 >6ਈ5ਉ ү 21ਈ3ਉ4 , ਉ6 BOE XF HFU UIF GPMMPXJOH QPMZOPNJBM

FRVBUJPO PG PSEFS 25�
ດ ү ํਈ3 , ਉ3๎4,

,3 ํਈ6 ү 21ਈ4ਉ3 , 6ਈਉ5๎ํ2 , ਈ3 , ਉ3 ү ਊ3๎ү
үਁ৾ਊຕ3 >

> ํਈ3 , ਉ3๎ດ ү ຑ3 ํ2 , ਈ3 , ਉ3 , ਊ3๎ ү ຒํਈ3 , ਉ3๎3,
,ํਈ6 ү 21ਈ4ਉ3 , 6ਈਉ5 ү ํ6ਈ5ਉ ү 21ਈ3ਉ4 , ਉ6๎ਊ๎ຕ3/

4FF mHVSF � 	TVSGFS DPEF JODMVEFE
�

ǟ�ǡ 5ČþĈĉþăü ăĊĂ÷úć ৾ > 7
5IVT XF IBWF ৽ > 4 7 > ਈ7 ү 26ਈ5ਉ3 , 26ਈ3ਉ5 ү ਉ7ਁ7 > 7ਈ6ਉ ү 31ਈ4ਉ4 , 7ਈਉ6 BOE XF HFU UIF GPMMPXJOH

�
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QPMZOPNJBM FRVBUJPO PG PSEFS 27�
ດຑ3 ํ2 , ਈ3 , ਉ3 , ਊ3๎ ү ຒํਈ3 , ਉ3๎4,

,3 ํਈ7 ү 26ਈ5ਉ3 , 26ਈ3ਉ5 ү ਉ7๎ํ2 , ਈ3 , ਉ3 ү ਊ3๎ү
үํ7ਈ6ਉ ү 31ਈ4ਉ4 , 7ਈਉ6๎ਊຕ3 >

> ํਈ3 , ਉ3๎ດํਈ3 , ਉ3๎4 , ํਈ7 ү 26ਈ5ਉ3 , 26ਈ3ਉ5ү
үਉ7 ү ํ7ਈ6ਉ ү 31ਈ4ਉ4 , 7ਈਉ6๎ਊ๎ຕ3/

4FF mHVSF � 	TVSGFS DPEF JODMVEFE
�
/PUF UIBU GPS B UXJTUJOH OVNCFS MBSHFS UIBO 7 UIF ਊ�

BYJT BT B TJOHVMBS TFU JT B OVNFSJDBMMZ WFSZ VOTUBCMF SF�
HJPO TVDI UIBU B OFDFTTBSZ DPSSFDUJPO TUSPOHMZ EFGPSNT
UIF XIPMF TVSGBDF� "MSFBEZ GPS ৾ > 7 UIF EFGPSNBUJPO PG
UIF TVSGBDF JT RVJUF TUSPOH�

3úûúćúăøúĈ

<�> 7JDUPS (VJMMFNJO "MBO 1PMMBDL� %JòFSFOUJBM
5PQPMPHZ ".4$IFMTFB 1VCMJTIJOH 	SFQSJOU ����


<�> 4UFQIBO ,MBVT� 4PMJE .×CJVT TUSJQT BT BMHF�
CSBJD TVSGBDFT 1SFQSJOU �� Q� 	����
 .BUIF�
NBUJTDIFT 'PSTDIVOHTJOTUJUVU0CFSXPMGBDI BWBJM�
BCMF BU UIF *NBHJOBSZ XFCTJUF� IUUQT���JNBHJ�
OBSZ�PSH�EF�OPEF����

<�> 4UFQIBO ,MBVT� 5IF TPMJE USFGPJM LOPU BT BO BMHF�
CSBJD TVSGBDF $*. #VMMFUJO /P��� 	����
 Q����
%FQBSUBNFOUP EF .BUFNBUJDB 6OJWFSTJEBEF EF
$PJNCSB 1PSUVHBM

<�> 4UFQIBO ,MBVT� .×CJVT 4USJQT ,OPUT 1FOUBHPOT
1PMZIFESB BOE UIF 463'&3 4PGUXBSF QQ�����
��� DIBQUFS JO 4JOHVMBSJUJFT BOE $PNQVUFS "MHFCSB�
'FTUTDISJGU GPS (FSU�.BSUJO (SFVFM PO UIF 0DDBTJPO PG
IJT ��UI #JSUIEBZ 4QSJOHFS 	����


<�> 4VSGFS�TPGUXBSF PG UIF PQFO TPVSDF QMBUGPSN
*NBHJOBSZ� IUUQT���JNBHJOBSZ�PSH�EF�QSP�
HSBN�TVSGFS

<�> )BTTMFS 8IJUOFZ� "OBMZUJD FYUFOTJPOT PG EJòFSFO�
UJBCMF GVODUJPOT EFmOFE JO DMPTFE TFUT 5SBOT� ".4 ��
	����
 ��o���

�

Figure 8

((0.5*(a^2+b^2)*(1+x^2+y^2+z^2)-a^2*b^2)*(x^2+y^2)^3+0.5*(b^2-a^2)
*(x^6-15x^4y^2+15x^2y^4-y^6)*(1+x^2+y^2-z^2)-(b^2-a^2)*(6x^5y-20x^3y^3+6xy^5)
*x*y*z)^2-(x^2+y^2)*((a^2+b^2)*(x^2+y^2)^3+(b^2-a^2)*(x^6-15x^4y^2+15x^2y^4-y^6 
-(6x^5y-20x^3y^3+6xy^5)*z))^2+c^15*0.0001
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