GOING HYPERBOLIC

by Pedro V. Silva*

1 INTRODUCTION

The theories of finite and infinite groups have devel-
oped different approaches over the years. On the one
hand, finite groups can be viewed as subgroups of fi-
nite symmetric groups and relate naturally to combi-
natorics. On the other hand, infinite groups tend to
be viewed as quotients of free groups (through gen-
erators and relators) and have strong connections to
geometry.

Indeed, the seminal work of the geometer Max
Dehn [9] is very much at the source of what is nowa-
days known as geometric group theory, when he per-
formed an algorithmic study of the so called surface
groups (fundamental groups of surfaces). His ideas
were later generalized by Martin Greendlinger with
his small cancellation theory [10].

Cayley graphs turned out to be an important tool
in this context, which we now proceed to define.
Given a group G generated by a set A, the Cayley
graph Cay ,(G) has vertex set G and labelled directed

edges of the form g 5 gaforallg € Gand a € A*!
(and the A-labelled edges determine the A™'-labelled
ones). For instance, for the symmetric group S5, gen-
erated by the permutations a = (123) and b = (12),
we get the Cayley graph

For the direct product ZX Z,, generated by a = (1, 0)
and b = (0, 1), we get the Cayley graph
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Note that there is no need to identify the vertices
since Cayley graphs have a transitive automorphism

group.

In the eighties, Mikhail Gromov developed a bril-
liant new idea [11]: if we consider Cay,(G) as a
(geodesic) metric space for some group G finitely
generated by A, its geometric properties may imply
good algorithmic properties, and hyperbolic geom-
etry means excellent news! This thought is some-
what disturbing... we haven’t established yet what
is the geometry of our universe: is it hyperbolic (neg-
ative curvature), spherical (positive curvature) or eu-
clidean (flat)? It is absolutely irrelevant for our daily
life, but we are not used to think that one alterna-
tive may be better than the other... surprise, surprise:
that is precisely what happens in the realm of finitely
generated groups. What does this mean exactly?

Defining a metric d, on G = (A) is easy: since
Cay,(G) is connected, we define d,(g,h) as the
length of the shortest path from g to A, and any such
path is called a geodesic. If we actually imagine the
edges of the Cayley graph as real lines (as we often
do in our mind when we think about graphs), then
every geodesic of length n becomes isometric to the
interval [0,n] C R, and Cay,(G) becomes what is
known as a geodesic metric space.

A popular way of defining hyperbolic geometry in
this context is through geodesic triangles (a collection
of 3 geodesics {[x, y], [y, z], [z, x]} connecting 3 ver-
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tices x, y, z). Given § > 0, we say that this triangle is
6-thin if every point in one of the geodesics is at dis-
tance < 6 from some point in one of the other two
geodesics.

z

The geodesic metric space is hyperbolic if there exists
some 6 > 0 such that every geodesic triangle is 6-thin.

Algebraic structures have not earned a reputation
of robustness, to say the least... a slight deforma-
tion on an abelian group and oops, it is not abelian
anymore. On the contrary, hyperbolic geometry is
certainly robust: within geodesic metric spaces, hy-
perbolicity is preserved through quasi-isometry. An
isometry ¢ : (X,d) — (X',d’) is a bijection pre-
serving distance, i.e. d'(@(x), p(»)) = d(x,y) for
all x,y € X. In a quasi-isometry, all these no-
tions are relaxed within constant bounds, for instance
through inequalities of the form d'(@(x), p(y)) <
Kd(x,y) + L and so on. A suggestive image is that
quasi-isometric spaces look the same if we watch
them from very far away...

Now if A and B are two alternative finite generat-
ing sets for a group G, then Cay ,(G) and Caygz(G)
are quasi-isometric, thus we can define G to be a
hyperbolic group if Cay ,(G) is hyperbolic for some
(every) finite generating set A. Using closure under
quasi-isometry, one can also prove that if H is a fi-
nite index subgroup of G, then G is hyperbolic if and
only if H is hyperbolic.

But how abundant in nature are hyperbolic groups
anyway? Finite groups are trivially hyperbolic, and so
are free groups of finite rank (since their Cayley graph
with respect to a basis is a tree). This implies that
finitely generated virtually free groups (characterized
by having a free subgroup of finite index and finite
rank) are also hyperbolic. And so are fundamental
groups of compact riemannian manifolds with neg-
ative (not necessarily constant) sectional curvature.
On the other hand, no group containing Z x Z (the
fundamental group of the torus) as a subgroup is hy-
perbolic. This might lead us to suspect that hyperbol-
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icity is not such a common property... isit?

A group G is finitely presented if it can be defined
by finitely many generators and relators, say (A | R).
This means that G is isomorphic to the quotient of the
free group F, on the finite set A by the normal sub-
group generated by the finite subset R of F,. Most
group theory is about finitely presented groups, really.
It happens that Alexander Ol’shanskii proved in 1992
[12] (but Gromov announced this fact previously) that
the probability of a finitely presented group being hy-
perbolic tends to 1 (under reasonable assumptions)!
So we do not know whether our universe is hyper-
bolic, but the universe of finitely presented groups
certainly is...

A surprising feature of hyperbolic groups are the
amazing algorithmic properties they satisfy, making
computations easy with respect to other groups. Let
Geo ,(G) consist of all words labelling geodesics in
Cay,(G) starting at the identity 1. Then Geo,(G)
turns out to be a rational language, that is, it is the
language of a finite automaton. Given a finite automa-
ton A, the language L(A) is the set of all words which
can be read in the automaton. For instance, the lan-
guage of the automaton

c b

(.

——>0— >

DN

o — — >

is {c,ab*ch}*ab*c, where X* denotes the submonoid
generated by X. The fact of Geo,(G) being ratio-
nal does not ensure in itself the algorithmic prop-
erties we have been boasting about, but the fact is
that there exist also finite automata which encode
somehow the action by right and left multiplication
of each letter on Geo,(G). It follows that hyper-
bolic groups are actually biautomatic groups, which
have solvable word problem and solvable conjugacy
problem (indeed they are the only biautomatic groups
where Geo ,(G) has these properties). Thus there ex-
ist efficient algorithms for deciding whether two ar-
bitrary words on A*' represent the same element or
conjugate elements of G. And hyperbolic groups are
finitely presentable. We should note that all these
problems were actually solved my Max Dehn for sur-
face groups!

Another unexpected theorem arises by consider-
ing isoperimetric functions. Consider a presentation
(A]| R)yotagroupGandw € F,. If w = 1in
G, then w is the product of conjugates of elements



of R*!'. Let A(w) denote the minimum number of
such factors in such a product. An isoperimetric func-
tion for (A | R) is a function f : N — R* such
that A(w) < f(Jw|) for every w € F, representing
the identity in G (where |w| denotes the length of w
in reduced form). Gromov proved that a finitely pre-
sented group is hyperbolic if and only if it admits a lin-
ear isoperimetric function (and if and only if it admits
a subquadratic isoperimetric function). Therefore we
have a theorem that establishes an equivalence be-
tween a geometric property and computational com-
plexity.

We already know that hyperbolic groups are
deeply tied to geometry, what about topology? Given

= (A), the topology of the metric space (G,d,) is
discrete and would not seem very promising. But the
concept of boundary introduced by Gromov (for any
hyperbolic geodesic metric space, actually) changed
the whole game. Assume that G = (A) is hyper-
bolic. A geodesic ray is an infinite path in Cay,(G)
starting at the identity such that every finite subpath
is a geodesic. Two geodesic rays are equivalent if the
Hausdorft distance between their sets of vertices is fi-
nite (i.e., every vertex of one of them is at bounded
distance from some vertex in the other ray). The Gro-
mov boundary 0G is the set of all equivalence classes
of geodesic rays. Gromov defined a topology T' on
G = G U 0G with several important properties:

« both G and dG are compact for T and its restric-
tion;

o T is metrizable for a family of metrics d on G
called visual metrics;

« the completion of any visual metric on G in-
duces the topology T on G;

+ 0G is invariant under quasi-isometry, so we do
not need to specify the finite generating set of
G.

The boundary is particularly simple to describe in the
case of a free group since it consists of all (right) infi-
nite reduced words a,a,a; ... (and is a Cantor set). If
we consider the hyperbolic plane H* via the Poincaré

disk model,
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its boundary is the outlining circumference. We
should note that H* plays an important role in the
theory of hyperbolic groups due to the following al-
ternative theorem due to Bonk and Kleiner [3]: every
hyperbolic group is either virtually free or there ex-
ists a quasi-isometric embedding of H? into its Cayley
graph.

2 HyperBoLIcITY IN PORTO

[ started working with free groups around 20 years
ago and later on I moved on to virtually free groups.
My approach was essentially automata-theoretic and
involved also transducers (automata with output). For
instance, in [14] I used these ideas to study the dy-
namics of continuous extensions of endomorphisms
to the boundary of a virtually free group. In fact, it
is the boundary which becomes interesting from the
dynamical viewpoint (recall that the topology of the
group itself is discrete). An endomorphism ¢ of a
finitely generated virtually free group G admits a con-
tinuous extension ® to dG if and only if it is uni-
formly continuous for some (any) visual metric. I
proved that this happens if and only if ¢ is virtually
injective (that is, it has finite kernel). Now the fixed
points of ® are divided into two disjoint subclasses:
singular and regular. The singular fixed points arise as
the topological closure of the fixed points of ¢, which
constitute a finitely generated subgroup Fix(¢) of G
(I provided an automata-theoretic proof in [14]). The
remaining fixed points are called regular, and I proved
that the set Reg(®) of regular fixed points is in some
sense finitely generated: if we consider the natural
action of Fix(¢) on Reg(®), it turns out that it has
only finitely many orbits. In the automorphism case,
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it was shown that the regular fixed points are either
exponentially stable attractors or exponentially stable
repellers.

During my stay at Salvador da Bahia, I worked
with Vitor Aratjo (UFBA, formerly UP) in prob-
lems related to hyperbolic geometry and hyperbolic
groups.

One of the motivations for our work was the possi-
bility of defining new pseudometrics on the automor-
phism group of an arbitrary hyperbolic group. This
led us to consider Holder conditions in [1]. A map-
ping ¢ : (X,d) — (X',d’) between metric spaces
satisfies a Holder condition of exponent r > 0 if there
exists a constant K > 0 such that

d'(p(x), p(») < K(d(x, )

holds for all x,y € X. Such a condition clearly im-
plies uniform continuity.

As a preliminary result, we showed that all visual
metrics on a hyperbolic group are Holder equivalent.
Our main theorem establishes several equivalent con-
ditions for a nontrivial endomorphism ¢ of a hyper-
bolic group G = (A) and a visual metric d on G:

« @ satisfies a Holder condition with respect to d;

« @ admits a continuous extension to dG satisfy-
ing a Holder condition with respect to the natu-
ral extension of d;

* @isaquasi-isometric embedding of (G, d ;) into
itself (where d, denotes de geodesic metric);

« @ isvirtually injective and ¢(G) is a quasiconvex
subgroup of G.

We should note that quasiconvex subgroups play a
major role in the theory of hyperbolic groups. We
say that H < G is quasiconvex if every point in a
geodesic of Cay,(G) with endpoints in H lies at
bounded geodesic distance from some vertex of H.
It is known that every quasiconvex subgroup of a hy-
perbolic groups is hyperbolic (but the converse impli-
cation does not hold).

In [1], we also proved that if the hyperbolic group
G is either virtually free or torsion-free co-hopfian,
then ¢ is uniformly continuous if and only if it sat-
isfies a Holder condition if and only if it is virtually
injective.

Hyperbolic groups are defined upon the concept
of hyperbolic geodesic metric space, which admits
several equivalent definitions. In this text, we only
considered so far thin geodesic triangles, but other
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important characterizations involve the concept of
mesh or the Gromov product. Another goal of ours
was to develop a theory for an appropriate subclass of
hyperbolic geodesic metric spaces which would play
a similar role for the subclass of finitely generated vir-
tually free groups. In [2], we introduced four equiva-
lent geometric conditions on a geodesic metric space
such that a finitely generated group G = (A) is virtu-
ally free if and only Cay ,(G) satisfies any one of these
geometric conditions. Since these conditions are pre-
served through quasi-isometry, this does not depend
on the finite generating set considered.

In the condition which is the analogue of thin-
ness of geodesic triangles, we replaced triangles by
arbitrary polygons. Consider a geodesic polygon
{[xg, x11, [x1, %51, ... [x,_1, x,1, [X,,, Xo1}. Given 6 >
0, we say that this polygon is §-thin if every point in
one of the geodesics it at distance < 6 from some
point in one of the other geodesics of the polygon.
The geodesic metric space is polygon hyperbolic if
there exists some 6 > 0 such that every geodesic poly-
gon is 6-thin.

A few years later, my former PhD student André
Carvalho developed also an interest on hyperbolic
groups. A major achievement consisted on gener-
alizing the bounded reduction property (BRP) of free
groups to hyperbolic groups [5]. In the free group
case, this is a quite useful property: if ¢ : F, — F, is
an injective homomorphism, then for every reduced
product uv € F,, there is a bounded number of
letters cancelled in the reduction of @(u)@(v). Car-
valho presented some equivalent geometric charac-
terizations of the BRP and showed that an endomor-
phism of a hyperbolic group satisfies the BRP if and
only if it preserves a coarse median (a certain type of
ternary operation defined by Brian Bowditch for met-
ric spaces [4]). He also proved that uniformly contin-
uous endomorphisms of a hyperbolic group (for a vi-
sual metric) always satisfy the BRP. As a consequence,
he generalized a theorem, proved by Frédéric Paulin
for automorphisms [13], showing that every uniformly
continuous endomorphism of a hyperbolic group has
a finitely generated subgroup of fixed points. And he
showed that every uniformly continuous endomor-
phism of a hyperbolic group satisfies a Holder condi-
tion, solving an open problem proposed on [1].

It should be noted that Carvalho extended these
ideas beyond the realm of hyperbolic groups, proving
theorems on the BRP for automatic groups [8], and
the dynamics of continuous extensions to the bound-
ary for endomorphisms of certain classes of graph



groups such as F, X Z" and F, X F,, [6, 7]. In both
these cases, the Gromov completion is appropriately
replaced by the Roller completion.

Hyperbolic groups have been generalized over
the years in different directions: automatic groups,
semi-hyperbolic groups, (weakly) relatively hyper-
bolic groups hyperbolic semigroups... however, the
exquisite harmony we can find in the theory of hyper-
bolic groups, where ideas from completely difterent
areas converge to produce unexpected results, has yet
to be replicated in these more general settings. If the
great Japanese writer Yukio Mishima were a mathe-
matician, he would probably be fond of hyperbolic
groups!
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